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THICK REPRESENTATIONS AND DENSE REPRESENTATIONS I
KAZUNORI NAKAMOTO AND YASUHIRO OMODA

ABSTRACT. We introduce special classes of irreducible representations of groups:
thick representations and dense representations. Denseness implies thickness, and
thickness implies irreducibility. We show that absolute thickness and absolute
denseness are open conditions for representations. Thereby, we can construct the
moduli schemes of absolutely thick representations and absolutely dense represen-
tations. We also describe several results and several examples on thick represen-
tations for developing a theory of thick representations.

1. INTRODUCTION

We deal with special classes of irreducible representations of groups. First, we
introduce the notion of thick representations. Let G be a group. Let V be an n-
dimensional vector space over a field k. We say that a representation p : G — GL(V)
is m-thick if for any subspaces Vi and V5 of V' with dim Vi = m and dim Vo =n—m
there exists g € G such that (p(g)V1) @ Vo = V. We also say that a representation
p: G — GL(V) is thick if p is m-thick for each 0 < m < n (Definition 21).

It may be expected that any irreducible representation is thick. Indeed, each
irreducible representation of dimension at most 3 is thick. However, it is not true
for the case of dimension n for n > 4. For example, the standard 4-dimensional
representation C* of SO4(C) is not thick (Proposition 6.10). Hence it is a natural
question when irreducible representations of dimension n for n > 4 are thick.

Next, we introduce another type of irreducible representations. We say that a
representation p : G — GL(V') is m-dense if the induced representation (A"p) :
G — GL(A™V) is irreducible. We also say that a representation p : G — GL(V)
is dense if p is m-dense for each 0 < m < n (Definition 2Z3]). We can prove that
denseness implies thickness and that thickness implies irreducibility (Corollary [2§]).
For example, the standard representation C" of GL,(C) is dense, and hence thick.

The reason why we call such irreducible representations “thick” or “dense” is
because the image of p : G — GL(V') is thick or dense in GL(V'), respectively. We
imagine that if the image p(G) gets larger in GL(V'), then p may become thick or
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dense. Our purpose is to develop a theory of thick representations. Thickness is a
simple, natural and essential concept in representation theory. In the case of finite-
dimensional representations of complex simple Lie groups, thick representations are
equivalent to weight multiplicity free representations whose weight poset is a totally
ordered set ([4, Theorem 1.1]). By this result, we will classify thick representations
for complex simple Lie groups in [4]. This is one of the characterization of weight
multiplicity free representations whose weight poset is a totally ordered set.

We will divide “Thick representations and dense representations” into two parts:
Part T and Part II, because it will be long. In Part I, we introduce thickness,
denseness, realizable subspaces, and other notions on irreducible representations. We
show basic results on thick representations and dense representations. For describing
thickness, we introduce “realizable subspaces”. We say that a subspace W of A™V
is realizable if there exist vy, vq,...,v,, € V such that 0 # vy Avg A --- Awv, €
W (Definition 2I0). The notion of realizable subspaces is essential for describing
criteria of thickness and the moduli of absolutely thick representations. Roughly
speaking, thickness lives not in the world that linear algebra controls, but in the
world that Grassmann algebra (or variety) controls. “Realizable subspaces” is one
of keyphrases in Grassmann algebra.

The main theorem of Part I is the following:

Theorem 1.1 (Theorem B.9). Let Rep,,(G) be the representation variety of degree
n for a group G over Z. For 0 < m < n, the absolutely m-thick representations in
Rep, (G) form an open subscheme of Rep, (G). In particular, the absolutely thick
representations in Rep, (G) form an open subscheme of Rep,,(G).

Here we say that a representation p : G — GL(V) is absolutely m-thick (resp.
absolutely thick) if p®y k : G — GL(V ®, k) is m-thick (resp. thick) for an algebraic
closure k of k. As a corollary of the main theorem, we can construct the moduli of
absolutely thick representations (Theorems BI0]).

In Part II, we will introduce (4, j)-thickness, (i, j)-denseness, and m-irreducibility
as generalizations of m-thickness, m-denseness, and irreducibility, respectively. We
will also describe the moduli of 4-dimensional non-thick absolutely irreducible rep-
resentations of the free group Fy of rank 2.

The organization of this article is as follows: In §2, we introduce the notions
of thickness and denseness. We describe fundamental properties of thickness and
denseness, and a criterion for thickness. In §3, we state the main theorem and
prove the existence of the moduli schemes of absolutely thick representations and of
absolutely dense representations. In §4, we investigate several results on realizable
subspaces. We define the r-number 7(A™(n)) and calculate them for small m and n.
In §5, we describe useful criteria for thickness of 4-dimensional and 5-dimensional
representations. In §6, we introduce several examples of thick representations and
dense representations for Lie groups.
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The authors would like to express their gratitude to the referee for suggesting
several important points. The referee suggested Remarks [4.12] and [5.4] Proposition
B8 and so on.

2. m-THICKNESS AND m-DENSENESS

In this section, we introduce thickness and denseness. We describe fundamental
properties of thickness and denseness, and a criterion for thickness. Proposition Z.17]
is useful for verifying thickness of representations.

Definition 2.1. Let G be a group. Let V' be an n-dimensional vector space over a
field k. We say that a representation p : G — GL(V) is m-thick if for any subspaces
Vi and V5 of V' with dimV; = m and dim Vs, = n — m there exists ¢ € G such
that (p(g)V1) @& Vo = V (or equivalently, (p(g)Vi) NVa = {0}). We also say that a
representation p : G — GL(V) is thick if p is m-thick for each 0 < m < n.

Remark 2.2. From the definition, any n-dimensional representations p are always
0-thick and n-thick. In particular, p is thick if and only if p is m-thick for each
0<m<n.

Definition 2.3. Let G be a group. Let V' be an n-dimensional vector space over a
field k. We say that a representation p : G — GL(V) is m-dense if the induced rep-
resentation (A"p) : G — GL(A™V) is irreducible. We also say that a representation
p: G — GL(V) is dense if p is m-dense for each 0 < m < n.

Remark 2.4. For an n-dimensional representation p : G — GL(V) over a field £,
p is always 0-dense and n-dense because A°V = k and A"V = k. In particular, p is
dense if and only if p is m-dense for each 0 < m < n.

Lemma 2.5. Let p : G — GL(V) be an n-dimensional representation of a group
G. For positive integers i and j with i + j = n, let us consider the G-equivariant
perfect pairing N'V @ NV -5 A"V 2 k. For a G-invariant subspace W of NV, put
Wh={ye NV ]|xzAy=0 for anyx € W}. Then W is a G-invariant subspace
of NNV . In particular, A'V is irreducible if and only if so is NV .

Proof. For y € W+, we have x A gy = g(g7'x Ay) = 0 for z € W and g € G.
Hence W+ is G-invariant. The correspondence W — W+ gives a bijection between
the G-invariant subspaces of A'V and A7V. Therefore A’V is irreducible if and only
if so is AV O

Proposition 2.6. Let p : G — GL(V) be an n-dimensional representation of a
group G. For each 0 < m < n, p is m-thick (resp. m-dense) if and only if p is
(n — m)-thick (resp. (n —m)-dense).

Proof. 1t is obvious that m-thickness and (n — m)-thickness are equivalent. By
using Lemma 2.5 we see that m-denseness and (n—m)-denseness are equivalent. [
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Proposition 2.7. For any n-dimensional representations p : G — GL(V), the
following implications hold for 0 < m < n:

m-dense =—> m-thick

(1) 4

1-dense <= 1-thick <= irreducible.

Proof. 1t suffices to prove “m-dense = m-thick”, “irreducible = 1-dense”, and
“m-thick = irreducible”. First, we show “m-dense = m-thick”. Assume that
p: G — GL(V) is m-dense. Let V; and V5 be vector subspaces of V' with dim V; = m
and dim V5, = n — m. The canonical homomorphism A™V @ A"~V — A"V 2 k is
a perfect pairing and G-equivariant. Let us take a basis {ej,es,...,€,} of V; and
a basis of {f1, fo, ..., fa—m} of Vo. Because of irreducibility of A"V the vectors
{(A™p)(g)(e1 Nes A-+- Ney) | g € G} span the vector space A™V. Hence there
exists g € G such that (A"p)(g)(ex Aea A~ ANem) A(fi A fa A+ A fuom) # 0. This
implies that (p(g)Vi) @ Vo = V. Therefore p is m-thick.

Next, we show “irreducible = 1-dense”. This follows easily from the definition.
Finally, we show “m-thick = irreducible”. Assume that p is not irreducible. There
exists a non-trivial G-invariant subspace V' of V. Set £ := dim V’. Then we only
need to choose suitable subspaces Vi, V5 of V' such that dimV; = m, dim Vo =n—m
and (p(g)V1)+ Ve # V for any g € G. This implies p is not m-thick, which completes
the proof. For the proof, we consider the following three cases: ¢ < min(m,n —m),
¢ > max(m,n—m), and min(m,n—m) < £ < max(m,n—m). If £ < min(m,n—m),
then let us take subspaces Vi, V5 of V' such that V/ C Vi and V/ C V,. Since
p(Vi D p(g)V' = V' and Vo 2D V', (p(g)Vi) NV D V' 2 0 for each g € G.
In this case, (p(g)V1) + Vo # V for any g € G, and hence p can not be m-thick.
If ¢ > max(m,n — m), then let us take subspaces Vi, V, of V such that V; C V’
and Vo C V'. Since (p(g)Vh) + Vo C V' # V| p is not m-thick. In the case
min(m,n —m) < ¢ < max(m,n —m), we may assume that n —m > m because
m-thickness and (n —m)-thickness are equivalent. Then let us take subspaces Vi, V5
of V such that V; C V' C V5. Since p(g)Vi C€ V' €V, (p(g)V1) N Va = p(g)Vi # 0.
Hence (p(g)V1) + Va2 # V for each g € G, which implies p is not m-thick. O

Corollary 2.8. For any finite-dimensional representation of a group G, the follow-
ing implications hold:

(2) dense = thick = irreducible.

Corollary 2.9. Assume that dim'V < 3. Then for a representation p : G — GL(V),
the following implications hold:

(3) dense < thick < irreducible.

Proof. The statement follows from that the three conditions above are equivalent
to 1-dense (1-thick, or irreducible) when dim V' < 3. 0
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Now we consider a criterion for a representation to be m-thick. This criterion of m-
thickness will be used for describing the moduli of absolutely thick representations.
Before introducing it, we need the following definition.

Definition 2.10. Let V be a finite-dimensional vector space over a field k. For
a vector subspace W C A™V, we say that W is realizable over k if there exist
V1,09, ..., Uy € V osuch that 0 # vy Avg A -+~ Awv,, € W. For an m-dimensional
subspace V' of V with 0 < m < n, we can consider a point [A™V'] € P, (A™V).
In the sequel, we identify [A™V'] with a non-zero vector A"V’ € A™V (which is
determined by [A™V'] up to scalar) for simplicity. It is obvious that W is realizable
if and only if W contains a non-zero vector A™V’ obtained by an m-dimensional
subspace V' of V over k.

The following proposition gives a criterion of m-thickness.

Proposition 2.11. Let p : G — GL(V) be an n-dimensional representation of a
group G. For 0 < m < n, p is not m-thick if and only if there exist G-invariant
realizable vector subspaces Wi C A"V and Wy C A"™™V such that I/Vll = Ws.

Proof. Suppose that p is not m-thick. Then there exist vector subspaces Vi, V5
of V' with dimV; = m and dim Vo, = n — m such that (p(¢)V1) + Vo # V for any
g € G. Let us consider the vector AV} € A™V determined by V) up to scalar
multiplication. The condition implies that vectors {(A™p)(g)(A"V1) | g € G} span
a non-trivial G-invariant subspace W7 C A™V. Of course, W, is realizable. Set
Wy := WL € A"™™V. Note that A""™V, € W,. The subspace W5 is a non-trivial
G-invariant realizable subspace. Hence we have proved the “only if” part.

Conversely, suppose that there exist G-invariant realizable vector subspaces W; C
A™V and Wy C A"™V such that Wit = W,. Since W, and W, are realizable, there
exist an m-dimensional subspace Vi C V and an (n — m)-dimensional subspace
Vo C V such that A™V; € W and A"V, € W,y For each g € G, the vector
(A"p)(g)(A™V1) is contained in W7, and hence (A™p)(g)(A"Vi) A (A"V,) = 0.
This implies that (p(g)V1) + Vo # V for each g € G. Therefore p is not m-thick. O

Remark 2.12. Furthermore, we also see that p is not m-thick if and only if there ex-
ist a non-zero G-invariant realizable subspace W; C A™V and an (n—m)-dimensional
subspace V'’ of V such that A"V’ € Wit

Let us define absolute thickness and absolute denseness. We will construct the
moduli spaces of absolutely thick representations and absolutely dense representa-
tions in the next section.

Definition 2.13. Let G be a group. Let V' be an n-dimensional vector space over
a field k. We say that a representation p : G — GL(V) is absolutely m-thick if
p®k: G — GL(V ®k) is m-thick, where k is an algebraic closure of k. We also say
that p is absolutely thick if p is absolutely m-thick for each 0 < m < n.
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Definition 2.14. Let G be a group. Let V' be an n-dimensional vector space over
a field k. We say that a representation p : G — GL(V) is absolutely m-dense if
p@k:G— GL(V ® k) is m-dense, where k is an algebraic closure of k. We also
say that p is absolutely dense if p is absolutely m-dense for each 0 < m < n.

Remark 2.15. Let K be an extension field of k. If p @y K : G — GL(V @ K) is
m-thick (resp. m-dense), then p is also m-thick (resp. m-dense). In particular, if p
is absolutely m-thick (resp. absolutely m-dense), then p is m-thick (resp. m-dense).

Proposition 2.16. For an n-dimensional group representation p : G — GL(V'), the
following conditions are equivalent:
(1) p is absolutely m-dense, in other words, (\"p) @y k : G — GL(A™V @4 k)
is irreducible, where k is an algebraically closure of k.
(2) (ANmp)@p K : G — GL(AN"V ®y K) is irreducible for some algebraically closed
field K containing k.
(3) (AN™p) @k K : G — GL(A™V ®y K) is irreducible for any algebraically closed
field K containing k.

Proof. The statement follows from that all conditions above are equivalent to the
condition that A™p is absolutely irreducible. 0J

In Theorem [B.8], we will obtain the same result on absolute m-thickness as Propo-
sition [2.10]

3. THE MODULI OF ABSOLUTELY THICK REPRESENTATIONS

In this section, we show that absolute thickness is an open condition in the rep-
resentation variety. (For representation varieties, see [3] )

Let Rep,,(G) be the representation variety of degree m for a group G over Z.
The representation variety represents the following contravariant functor from the
category of schemes to the category of sets:

Rep, (G) : (Sch)”? — (Sets)

X — { a group representation p: G — GL,(I'(X,Ox))},

where T'(X, Ox) is the ring of global sections on X. The representation variety
Rep,,(G) has the universal n-dimensional representation p of G. Let Gr(d,A%) be
the Grassmann scheme over Z representing the contravariant functor
Gr(d,A%) : (Sch)®” — (Sets)
X — {W‘ W C OF" is a subbundle of rank d } )
Let us define a subfunctor X (d, n; G) of Rep,,(G) x Gr(d, A}) for 0 < d < n by
X(d,n;G): (Sch)” — (Sets)
p:G— GL,(I'(X, Ox)),
X = < (p, W) | W C OF" is a subbundle of rank d,
and p(G)W C W
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We show that X (d,n;G) is a closed subscheme of Rep,,(G) x Gr(d, A}).
Lemma 3.1. Ford =1, X(d,n;G) is a closed subscheme of Rep,,(G) x Gr(d, A}).

Proof. The Grassmann scheme Gr(1,A7) can be regarded as P.(A%) = {[w] |
w is a non-zero “vector” of A7}. Then

X(1,n;G) = {(p,[w]) | w is a non-zero p(G)-eigenvector }

= Ngec{(p, [w]) | w is a non-zero p(g)-eigenvector }.

The condition that w € A™ is a p(g)-eigenvector can be written by the equations that
all 2-minors of the n x 2 matrix (p(g)w,w) are 0. Hence the subfunctor X (1,n;G)
is a closed subscheme of Rep,, (G) X Gr(l A7). O

Proposition 3.2. For 0 < d < n, X(d,n;G) is a closed subscheme of Rep,,(G) X
Gr(d, A%).

Proof. The statement is true for d = 1 by Lemma [3.Il For 0 < d < n, by taking
the exterior, we get the morphism

®: Rep,(G) x Gr(d,AZ) — Rep(3>(G) x Gr(1, AYAZ)
(p, W) = (ANp, NTW).

The subfunctor X (d,n;G) can be obtained by taking the pull-back of the closed
subscheme X (1, (Z);G) of Rep(z)(G) x Gr(1,A?AZ) by ®. Hence X(d,n;G) is a

closed subscheme of Rep,,(G) x Gr(d, A%). 0

Let 0 < m < n. The universal representation g on Rep,(G) induces an (")-
dimensional representation A™p on Rep(n)(G). This correspondence gives us the

canonical morphism A™ : Rep, (G) — Rep(n)(G) by p = A"p. For 0 < d < (:1)7
we define the subfunctor Y (d, A™(n); G) of Rep,,(G) x Gr(d, N™A}) by

Y(d,N"™"(n);G): (Sch)®” — (Sets)

X = {(p W) subbundle of rank d

W C AmOT™ is a (A™p)(G)-invariant }

Let us define ¢ := A" xid : Rep,,(G) x Gr(d, A™AY}) — Rep(n)(G) x Gr(d, N™AY) by
(p, W) = (A™p, W). The subfunctor Y (d, A" (n); G) is obtained by taking the pull-
back of the closed subscheme X (d, ("); G) of Rep(n) (G) x Gr(d, N™AY) by ¢. Hence

the subfunctor Y (d, A™(n); G) is a closed subscheme of Rep,,(G) x Gr(d, A™A7).
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We define the subfunctor Y'(d, A" (n), A"""(n); G) of Rep,,(G) x Gr(d, N™AY) x
Gr((7) = d, A"™AZ) by

Y(d,N"(n), A" "(n); G) : (Sch)?” — (Sets)

Wy C A0S is a (A™p)(G)-invariant
subbundle of rank d, and

Wy C AP™OT™ is a (A" p)(G)-invariant
subbundle of rank (:1) —d

X = (o, Wi, W)

Set Xpma(G) := Rep,(G) x Gr(d, A"™A%) x Gr((") — d, A"""™A%). Let us consider
the two projections

¢ Xpma(G) = Rep,(G) x Gr(d, N A)
¢+ Xpma(G) — Rep,(G) x Gr((;‘l) —d, \"AY).
(

Take the pull-backs (;Sll(Y d, N"™(n); G)) and ¢;'(Y(() — d,A""™(n); G)). The
subfunctor Y (d, A™(n), A"~™(n); G) can be obtained as the intersection of these two
pull-backs. Therefore Y'(d, A (n) A""™(n); G) is a closed subscheme of X, ,,, 4(G).

Set Gry,m,a := Gr(d, A"AZ) x Gr((") — d, A""™AZ). Let us consider the perfect
pairing on Gry, m, 4:

< > (AmOEBn ) ®0Grn7m,d (An_mogzl,m,d) — /\nogzl,m,d = OGr"’m'd

Grn m,d

defined by (z,y) := x Ay. We define the subfunctor Grimd of Gry, m.a by
Crt = {(W, W) € Gryypma | Wit = Wa}.

n,m,d
For each point p = (Wy, Ws) € Gry, .4, choose a neighbourhood U of p and sections
{e;},{f;} on U such that (eq,e,...,e4) is the universal subbundle of /\m(’)gf .y of
rank don U and Wy = (f1, fo, ..., f(n) ;) is the universal subbundle of A"~ mOen

Gry m,d
of rank () —d on U. The equations (e;, f;) = 0 define a closed subscheme structure
on Grim,d. Hence Grim,d is a closed subscheme of Gry, ;, 4.

Let us denote by ¢3 : X, 1m.4(G) = Grymq the canonical projection. Taking the
intersection of Y'(d, A™(n), A"™(n); G) with the pull-back ¢5'(Gr; m.d)> We obtain a

closed subscheme Y (d, A™(n), "™ (n); G)* of Y (d, A™(n), A""™(n ) G) The closed
subscheme Y (d, A™(n), A""™(n); G)* represents the contravariant functor

)
(Sch)? — (Sets)
X — {(p,Wl,WQ) GY(d,/\m( ) AT m( ) ‘ Wl =Wy }

For proving openness of absolute m-thickness, we show that realizable subspaces
form a closed subset in the Grassmann scheme. We set

Gr(d, N"AY)ear := {W € Gr(d, A"™A7) | W is realizable }.



THICK REPRESENTATIONS AND DENSE REPRESENTATIONS I 9

More precisely, for a point x € Gr(d, A"AY%), © € Gr(d, A™AY),cq if and only if there
exists an extension field K of the residue field k(x) of x such that the d-dimensional
subspace W C A" K™ associated to x is realizable over K.

Proposition 3.3. The subset Gr(d, N™AY),ca can be regarded as a closed subscheme
of Gr(d, N™AY).
Proof. Let us consider the closed subscheme
Flag(1,d, A™A7) = {([v], W) € P.(A"A}) x Gr(d, N"™A%) | v e W}

of P.(A™AZ) x Gr(d, N"A%) = Gr(1, A"A%) x Gr(d, A™A%). The scheme P, (A™AY)
has a closed subscheme Gr(m,A%). Then we obtain the pull-back p;'(Gr(m, A%))
of Gr(m,A%) by the first projection p; : Flag(l,d, A"A%) — P.(A™AZ). The
subset Gr(d, A"A%),.q is the image po(p;'(Gr(m, AZ))) of the closed subscheme
p; (Gr(m, A%)) by the second projection py : Flag(l,d, A™A%) — Gr(d, A™AZ).
The projection p, is proper, and hence we can define a closed subscheme structure

on Gr(d, N"AY)ear- a
Remark 3.4. In the proof of Proposition [3.3] we also see that
(4) Gr(d, N"A%)rear = p2(py " (Gr(m, A))).

The following proposition gives a characterization of Gr(d, A™A?),ca-

Proposition 3.5. Let © € Gr(d, N"™A%). Let k(x) be an algebraic closure of the
residue field k(x) of x. Then x € Gr(d, N"AY),ca if and only if the corresponding

d-dimensional subspace W @y k(x) C A™k(x) " to x is realizable over k(z).

Proof. Let x € Gr(d, N™A%). If the corresponding d-dimensional subspace W ®j ()

k(z) C A™k(z) " is realizable over k(z), then there exists a k(z)-rational point of
p;H(Gr(m, A%)) C Flag(1,d, A™A7%) whose image by p, corresponds to W ®g() k().
Then z € py(p; H(Gr(m, AL))) = Gr(d, N™AL) ear-

Conversely, suppose that © € Gr(d, A"A%),cq. Setting ¢ := p2|p;1(Gr(mA%)), we
have the following commutative diagram which is a fibre product:

pr (Cr(m, AZ) 5 Gr(d, A™AD) e

T T
o~ (x) — Spec k(z).

Since ¢ is of finite type, so is ¢~'(x) — Spec k(z). Note that ¢~'(z) # 0 by the

definition of Gr(d, A™AZ),cq. Then there exists a k(x)-rational point of ¢~*(z). This

implies that the corresponding d-dimensional subspace W @y k(z) € A™k(x) s

realizable over k(x). O

Let g5 : Xy m,a(G) = Gr(d, A™AZ) and g3 : X, a(G) = Gr((") —d, A""™A%) be
the second and the third projections. We denote by Y (d, A™(n), A""™(n); G)L,; the

rea
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intersection of Y'(d, A™(n), A" (n); G)* with ¢; ' (Gr(d, A™A})ear) Nz (Gr((1) —
d, N""™A2),ca1). By Proposition B3, Y (d, A™(n), A""™(n); G), can be regarded
as a closed subscheme of Y (d, A™(n), A""™(n); G)*+.

Proposition 3.6. Let v = (p, W1, Ws) € Y (d, A™(n), \""™(n); G)*:. Let k(x) be an
algebraic closure of the residue field k(x) of x. Thenx € Y (d, N™(n), A""™(n); G)L
if and only if Wi @@y k(x) and Wy Qg k() are realizable over k(x).

Proof. By the definition, z € Y (d, A™(n), A""™(n); G)L,, if and only if ¢.(z) €

real

Gr(d, N™AY),ea and gs(z) € Gr((:@) — d, N A% eq. It follows from Proposition
that this condition is equivalent to that Wy ®p) k(z) and Wy Q) k() are

realizable over k(x). O

Let ¢1 : Xy ma(G) — Rep,(G) be the first projection. Since ¢; is proper and
Y (d, A"™(n), A""™(n); G)it,, is a closed subscheme of X, ,,4(G), Rep,(G) has a

real

closed subscheme ¢ (Y (d, A™(n), A""™(n); G)L ).

real

Proposition 3.7. Let z € Rep, (G). Then x € ¢ (Y (d, A"™(n), A""™(n); G)L,,) if

real

and only if there exist G-invariant realizable subspaces Wy C AN™k(z) " and Wy C

AME(x) " with respect to the corresponding representation py Qpz) k(x) + G —

GL,(k(x)) such that dim Wy = d, dim W, = (") — d, and Wi- = Wh.

n
m

Proof. First, we prove the “if” part. Suppose that there exist such W; and Ws.
Then we have a k(x)-rational point of Y (d, A™(n), A""™(n); G),, whose image by

real

q1 corresponds to x. Hence z € ¢, (Y (d, A™(n), A""™(n); G),,).
Next, we prove the “only if” part. Let z € ¢;(Y(d, A™(n), A" "™(n); G)L ). Set

real

1Y (d, A™(n), A" (n); Q)L — Rep,(G). Since v is of

real

P = Q1|Y(d,Am(n),A"*m(n);G)imz

finite type, so is ¥ ~!(x) — Spec k(x). The fibre ¢)~!(x) is not empty, and hence
there exist W, and W5 with the desired property by Proposition 3.6l O]

We can prove the following theorem on absolute m-thickness by Proposition B.7

Theorem 3.8. Let p: G — GL, (k) be an n-dimensional representation of G over
a field k. For 0 < m < n, the following conditions are equivalent:
(1) p is absolutely m-thick, in other words, p @y k is m-thick for an algebraic
closure k of k.
(2) p @y K is m-thick for some algebraically closed field K over k.
(3) p®y K is m-thick for any algebraically closed field K over k.

Proof. 1t is obvious that (B) = (d) and that (1) = (2). Let us show that (2)
= ([B). Assume that p ®; K is m-thick for some algebraically closed field K over
k. Note that p ®; k is also m-thick by Remark Suppose that p ®; K’ is
not m-thick for some algebraically closed field K’ over k. Let x be the k-rational
point of Rep,, (G) associated to p. By Proposition 2.T1] there exists a K’-rational
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point of Y (d, A™(n), A""™(n); G)L, for some d whose image by ¢ corresponds to

real

p @ K'. Hence x € q(Y (d, N™(n), A""™(n); G)L ;). Then p ®; k is not m-thick

by Proposition B.7 which is a contradiction. Hence p ®; K’ is m-thick for any
algebraically closed field K’ over k. Therefore we have shown that ) = @). O

Now we show the openness of absolute m-thickness.

Theorem 3.9. Let Rep, (G) be the representation variety of degree n for a group
G over Z. For 0 < m < n, the absolutely m-thick representations in Rep,,(G) form
an open subscheme of Rep, (G). In particular, the absolutely thick representations
in Rep,,(G) form an open subscheme of Rep, (G).

Proof. The absolutely m-thick representations form the complement of

U q1 (Y(da /\m(n)a /\n_m(n); G)7J‘_eal)

o<d<(")

in Rep,,(G) by Propositions 211 and B Since ¢, (Y (d, A™(n), A""™(n); G)L,;) is
closed for each d, we can verify the openness of absolute m-thickness. We can also
prove the openness of absolute thickness by considering all m. O

Let Rep,,(G)m-tnick be the open subscheme consisting of absolutely m-thick rep-
resentations of Rep,(G). Let Rep,,(G)imic be the open subscheme consisting of
absolutely thick representations of Rep,,(G). The open subschemes Rep,,(G)m-thick
and Rep,, (G)nick are contained in the representation variety of absolutely irreducible
representations Rep,,(G)air- We have group actions of the group scheme PGL, on
these schemes by the conjugation p — P~'pP. By [3, Theorem 1.3], there exists
a universal geometric quotient Ch,,(G).;; of Rep,,(G)ar by PGL,, and the quotient
morphism Rep,,(G)air — Chy,(G)ar is a PGL,,-principal fibre bundle. Hence we have
the following theorem:

Theorem 3.10. For each 0 < m < n, there exists a universal geometric quo-
tient Chy,(G)m-thick 0f Rep,,(G)m-tnick by PGL,. Moreover, there erists a univer-
sal geometric quotient Ch,(G)wmick of Rep,,(G)iniek by PGL,. The quotient mor-
phisms Rep,, (G)m-thick = Chp(G)m-thick and Rep,,(G)mick = Chy,(G)thick are PGL,, -
principal fibre bundles.

We also have the same results on absolutely dense representations as absolutely
thick representations.

Proposition 3.11. For 0 < m < n, the absolutely m-dense representations in
Rep,,(G) form an open subscheme of Rep,, (G). In particular, the absolutely dense
representations in Rep,, (G) form an open subscheme of Rep,,(G).
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Proof. We define the morphism A™ : Rep, (G) — Rep(n)(G) by p — A™p.
The inverse image of the open subscheme Rep(n)(G)air by A™ coincides with the

absolutely m-dense representations in Rep,, (G). Hence it is open. Considering all
m, we see that the absolutely dense representations in Rep,,(G) is also open. 0

Let Rep,,(G)m-dense be the open subscheme consisting of absolutely m-dense rep-
resentations of Rep,(G). Let Rep,(G)gense be the open subscheme consisting of
absolutely dense representations of Rep,,(G). The open subschemes Rep,,(G)m-dense
and Rep,, (G)gense are contained in the representation variety of absolutely irreducible
representations Rep,,(G).ir- In the same way as absolutely thick representations, we
have the following theorem:

Theorem 3.12. For each 0 < m < n, there exists a universal geometric quo-
tient Chy, (G)m-dense 0f Rep,(G)m-dense by PGL,,. Moreover, there ezists a universal
geometric quotient Ch,(GQ)gense 0f Rep,,(G)dense by PGL,,. The quotient morphisms
Repn(G)m-dcnSC — Chn(G)m-dense and Repn(G)donSC — Chn(G>dense are PGLn—pTZTLCZpCLl
fibre bundles.

Summarizing the results above, we have the following diagrams:

Repn(G)m—donSC g Repn(G)m—thick g Repn(G>air

4 l l
Chn(G)m‘denSe g Chn(G)m—thiCk g Chn(G)air
and
Repn(G)dense g Repn(G)thick g Repn(G)air

1 1 1
Chn(G)donso g Chn(G)thick g Chn(G)air-

Remark 3.13. For a representation p : G — GL,(I'(X,Ox)) of a group G on
a scheme X p is called absolutely m-thick (resp. absolutely thick) if the induced
representation p ® k(z) : G — GL,(k(x)) is absolutely m-thick (resp. absolutely
thick) for each # € X, where k(z) is the residue field of z. Similarly, p is called
absolutely m-dense (resp. absolutely dense) if the induced representation p ® k(z) :
G — GL,(k(x)) is absolutely m-dense (resp. absolutely dense) for each x € X. The
scheme Repn(G)m-thiCk (reSp- Repn(G)thiCk, Repn(G)m—dense> Repn(G)dense) represents
the contravariant functor from the category of schemes to the category of sets which
maps each scheme to the set of n-dimensional absolutely m-thick (resp. absolutely
thick, absolutely m-dense, absolutely dense) representations of G on X.

4. REALIZABLE SUBSPACES

In this section, we discuss realizable subspaces in detail. We introduce the r-
number 7(A™(n)) which is closely related to thickness. In some cases, we can calcu-
late 7(A™(n)).
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Lemma 4.1. Let V be an n-dimensional vector space over an algebraically closed
field k. Let W be a vector subspace of N™V with 0 < m < n. IfcodimW < m(n—m),
then W s realizable, in other words, there exists an m-dimensional vector subspace

Vi of V such that NV € W.

Proof. Remark that A™V; € A™V can be defined up to scalar multiplication.
The Grassmann variety Gr(m,V) C P.(A™V) has dimension m(n — m). Since
the subspace P.(W) C P.(A™V) has codimension < m(n — m), the intersection
P.(W) N Gr(m, V) is not empty. Hence there exists an m-dimensional subspace V;
such that A™V; € W. O

Proposition 4.2. Let V' be an n-dimensional vector space over an algebraically
closed field k. Let p : G — GL(V) be a representation of a group G. If NV has
a (AN"p)(G)-invariant realizable subspace W of dim W < m(n —m), then p is not
m-thick.

Proof. Let us consider W+ C A"V . Since dim W < m(n — m), codimW+ <
m(n —m). By Lemma BT, W+ is realizable. Hence p is not m-thick because of
Proposition 2.11] O

Definition 4.3. For 0 < m < n, we define the r-number r(A™(n)) by

there exists an n-dimensional irreducible
representation p : G — GL(V) of a group G
over a field k such that W is a G-invariant
realizable subspace of A"V

r(A™(n)) := min ¢ dim W

For convenience, we set 7(A%(n)) =1 and r(A"(n)) = 1 for each positive integer n.

For a real number z, we denote by [x] the largest integer which is equal to or less
than z.

Proposition 4.4. For 0 <m <n, r(A™(n)) > [2=1] + 1.

Proof. Let p : G — GL(V) be an n-dimensional irreducible representation of
a group G. Let W C A™V be a G-invariant realizable subspace. We show that
dim W > ["7_1] + 1. Since W is realizable, there exists a basis eq,es,...,¢e, of V
such that z ;== ey Aeg A---Ne, € W. We define g; € G for 1 <1 < ["7_1]+1 in the
following way: Let g :=e € G. If g; € G is determined for + < k, choose gr+1 € G
such that p(gy+1)er is not contained in the subspace Vj, spanned by {p(g;)e; | 1 < i <
k,1 < j < m} of V. This procedure is possible, since dimV}, < km < ["T_I]m <n
and the set {p(g)e; | g € G} spans V' because of the irreducibility of p. In this way,
91592, - -+ Gino1pyy AN be chosen.
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We claim that (A"p)(g1)z, (A" p)(g2)z, (/\mp)(g[n 141)7 € Ware linearly in-
dependent. Let > a;(A"p)(g;)x = 0 for a; € k. By using
)
(

(A"p)(gi)x A p(gis1)er A p(giva)er A=+ A p(g[%qﬂ)el # 0 and
(A" p)(gi)z A p(gi)er N p(giva)er A p(giv)er A=+ A p(gpaztyyy Jer = 0,
we see that a; = 0 for each 7, which implies the claim. Hence dim W > [%1]+1. O

Corollary 4.5. If 0 < m < n, then r(A™(n)) > 2. In particular, if p is an n-
dimensional irreducible representation, then AN™p has no 1-dimensional G-invariant
realizable subspace.

Proof. The statement follows from that »(A™(n)) > [2=1] +1 > 2. O

If m divides n, then we can prove that r(A™(n)) = . For proving this, we need
to make some preparations.

Lemma 4.6. Let f : V — V be a linear endomorphism on an n-dimensional vector
space V' over a field k. Suppose that f has n distinct eigenvalues ay, ..., o, € k.
Let eq,...,e, € V be eigenvectors associated to aq, ..., q,, respectively. Then for
any f-invariant subspace W of V', there exists a subset I of {1,2,...,n} such that
W = @icrk - €;.

Proof. For an f-invariant subspace W, we define a subset I of {1,2,...,n} by I :=
{i | there exists 2?21 aje; € W such that a; # 0}. It is clear that W C @;c/k - e;.
We show that W O @;crk - ;. For each ¢ € I, there exists a vector x = Z?:l aje; €
W such that a; # 0. Set J = {j | a;j # 0} = {j1,J2,...,Jm} and m = §J.
Note that i € J. Since f(x) = > 0,c; aja5e5, f*(x) = 3., ?a]e], M) =

dies a"taje;, we have

1 ]_ e ]. G,jl 6]'1
f2(95) G Qo Gy a;, €5,
() = o a5 oAy 3 €55

B SR 2 :
[ (o) ai”t AT e agt €5,

The matrix (Oéj—t_l)lg&tgm is invertible, and hence the vector a;, e;, can be written as a
linear combination of z, f(x), f2(x),..., f™ (z) for each 1 < s < m. In particular,

e; € W. This implies that W O @,crk - €;. So we have proved the lemma. O

Lemma 4.7. Let V be a vector space over an infinite field k. For any non-zero
vector v € V' and a finite subset S C k*, there exists f € GL(V) satisfying the
following conditions:

(1) There exists a basis {v1,va,...,v,} of V such that v; is an eigenvector of f
with eigenvalues B; € k*\ S for 1 <i<n.
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(2) p1, B2, ..., By are distinct.
(3) v=0v1+vg+ -+ vy

In particular, v is not contained in any proper f-invariant subspaces.

Proof. Let us take vectors vy, vo,...,v,_1 € V such that {v,vy,vs,... 0,1} is a
basis of V. Put v, :=v — vy —wvy — -+ —v,_1. Then {vy,vy,...,v,} is a basis of V
and v = vy + vy + - - - + v,. Let us choose distinct elements 51, B, ..., 3, € k*\ S.
We define f € GL(V) by f(v;) = piv; for 1 <i < n. By Lemma [4.6] for any proper
f-invariant subspace W, there exists a proper subset I of {1,2,...,n} such that
W = ®;erk - v;. Hence v = vy + vy + - - - 4+ v, is not contained in W. This completes
the proof. O

Lemma 4.8. Let k be a field. Let Ay, Ay, ..., Ay € GL,, (k). Set C := AyAy_1--- Ay Ay
and

Om Op O -+- 0, A
A1 O 0y oo 0 Op
X = Lo e : : € GL,(k),
Om Om Op -+ A Oy
where n = ¢m with { > 2. Suppose that the eigenvalues o, . . ., oy, of C are distinct

and that 8{z € k | 2* = o;} =L for each 1 < i < m. Then for each {-th root & ; of
a; (1 <i<m,1<j <) and for each eigenvector v; of C" with respect to «;, the
vector

Wij +=

t(ffgl% ff,;zAlvu 55,;3(142,41)2;2-, cee fi,j(Ae—z o A A ), (A1 Agg - - AsAr)wy)
is an eigenvector of X with respect to the eigenvalue &; j. Conversely, all eigenvectors
of X can be obtained in this way (up to scalar multiplication).

Proof. 1t is easy to check that Xw; ; = & jw; ;. The statement follows from that
{&;11<i<m,1<j </} forms the set of n distinct eigenvalues of X. O

Let F; = («) be the free group of rank 1. By Proposition B2l X (d,n;F;) is a
closed subscheme of Rep,,(F1) x Gr(d, A}). Here recall that X (d,n;Fy) = {(p, W) |
W is a d-dimensional p(G)-invariant subbundle of A"}. Let U(d,n) := U(d,n;F;)
be the complement of X (d,n;F;) in Rep,,(F1) x Gr(d,A%). Note that Rep,(F,) =
GL, and that U(d,n) = {(A, W) | W is not A-invariant} C GL,, x Gr(d,A}). For
a X-valued point ¢ of Gr(d,A}) with a scheme X, denote by ¢*(W) C OF" the
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subbundle of rank d induced by ¢ on X. Then we have the following diagram
GL, s = {(A,z) € GL, x X | ¢*(W), is not A-invariant} — U(d,n)
\J \J
GL, x X ‘%’ GL, x Gr(d, A?),
which is a fibre product. Hence GL,, 4 is an open subscheme of GL,, x X.
In particular, for a geometric point W of Gr(d, A%), we have:

Proposition 4.9. Let k be an algebraically closed field. Let W be a k-rational point
of Gr(d,A}). Then the subset {A € GL,(k) | W is not A-invariant } is an open
subscheme of GL,, (k).

Proposition 4.10. Let ¢ and m be positive integers with £,m > 2. Set n = {m.
Let k be an algebraically closed field such that ch k does not divide £. Then there
exists an irreducible representation p : Fo — GL, (k) of the free group Fy of rank 2
such that N™p has a realizable invariant subspace of dimension . Moreover, there
exists an irreducible representation p : Fy — GL, (k) such that p is neither m-thick
nor (-thick.

Proof. Let Fy = (a, B). For constructing p, we need to determine A := p(«), B :=
p(B) € GL, (k). The group GL, (k) acts canonically on k™. Let e, es,..., e, be the
canonical basis of k™. Set

0, 0, 0, --- 0, A 0n O, 0, -+ 0, By

[m Om Om e Om Om Bl Om Om e Om Om

Om Im Om Tt Om Om Om B2 Om e Om Om
A— S .. |.B= S . -,

Om Om Om e Im Om Om Om Om e Bé—l Om

where A’ By, ..., By € GL,,(k) will be suitably chosen. Let us define ® : GL,,(k) x
-+ X GLy(k) = GL,,(k)* — GL, (k) by (By, B, ..., By) — B.

First, we show that p is not m-thick. Let W := (e Aea A -+ A €, €mi1 A
o N oy €omg 1 N A €3my e €—1ymt1 A s Aen) © ATV Note that A™p has
a realizable invariant subspace W of dimension ¢. Since ¢ < m(n — m), p is not
m-thick by Proposition .2l

Second, we show that p is not f-thick. For 1 < i < ¢, we put J; := {(i — 1)m +
L,i—=1m+2,...,im}. Then Sy U JpoU---UJ, = {1,2,...,n}. Let Y be the
subspace of AV generated by {e;, Aey, A+ Aey, | i1 € Ji,ig € Jo,... i € Jo}.
Note that Y is an m‘-dimensional (A’p)(Fy)-invariant realizable subspace of A‘V.
The subspace Y+ of A"~V contains e; Aea A---Aey, A for any v € A"V, In
particular, Y* is realizable. By Proposition ZZI1 p is not /-thick.

Finally, we show that p is irreducible if A’, By,..., B, are suitably chosen. Let
A" = diag(ay, ag, . .., qy), where g, ..., a,, € k* are distinct. For each ¢-th root
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&jof a; (1 <i<m1l<yj<U), wedefine w;; = *( f;le;, ffe;,...,e;) as in
Lemma [.8] where A} = Ay =--- Ay = I, and A, = A’. Here we use ¢/,...,¢e,

as the canonical basis of k™ in the sequel. Then wj ; is an eigenvector of A.

By Lemma (4.6, for any A-invariant subspace W of k™, there exists a subset [
of {(4,7) | 1 <i < m,1 < j < 4} such that W = W, 1= @ jjerk - w;;. For
proving p is irreducible, it suffices to show that B does not keep any non-trivial
A-invariant subspace Wi invariant. For each non-trivial A-invariant subspace W7y,
we set GL,(k); := {B € GL,(k) | Wy is not B-invariant }. By Proposition [4.9
GL,(k); is an open subscheme of GL, (k). Let us prove the claim that the open
subset ®71(GL,(k);) € GL,,(k)* is not empty for each non-empty proper subset
Tof {(4,7) | 1 <i < m,1 < j < (). If Y (GL,(k);) # 0 for each I, then
Nr® 1 (GL,(k)r) # 0 because GL,,(k)* is irreducible. Then by taking (By, ..., B) €
Nr® ' (GL,(k)r), we obtain an irreducible representation p, which completes the
proof.

For proving the claim that ®'(GL,(k);) # 0, take some (ig,jo) € I. By
Lemma [7] there exist a basis {vy,vg,...,v,} of K™ and f : k™ — k™ such that
fvi) = Bwi (1 <7 < m) and €, = v1 + -+ vy. Here By,..., B, are distinct
elements in £*\ {o; | 1 <i <m}. Let B, € GL,,(k) be the corresponding matrix to
f.Set By =By=---=By_1 =1, and B = ®(By,...,By). For each (-th root 7;;
of i (1 <i<m,1<j< (), put w,; = t(nfglvi,nfgzvi, ...,v;) € k™. By Lemma
@8, Bw; ; = n; jw; ; for each 4, j. Since {w;; | 1 <i <m,1 < j < /{}is a basis of k",
we can write wy, j, = > ¢;jw; ; for ¢;; € k. If ¢; ; # 0 for all 4, j, then Wi jo € Wi is
not contained in any non—tr1v1al B-invariant subspaces by Lemma 4.6l In particular,
W; is not B-invariant and (B, ..., By) € ®Y(GL,(k);), which implies the claim.
Hence we only need to show that ¢; ; # 0 for all 4, j.

Let us show that ¢;; # 0. For each 1 < i < m, we define the (-dimensional
subspace U; := (*(v;,0,0,...,0),%0,v;,0,...,0),...,%0,0,0,...,v;)) C k™. Let p; :
k" =U, @ ---® U, — U; be the projection onto U;. Since U; = ®1<j</ k - w;j,

t(el—1 -2
pi(inJO) = pl( (gi(),joe;O? g’imjoe;o? Tt 20 Z CZ,]w 1,5°
1<5<¢e

On the other hand, ego =wv; + -+ v, and hence

tfel—1 -2,
(gio,jovi’ gm ,Jo Z me i
1<5<¢e
Then we have

-1 -1 /—1 -1
772,1 772,2 o mg,é Ci 10,70
9 —2 , -2

772‘,1 772 2 Ty Ci,2 §

10,J0
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By Cramer’s rule,

J
_ _ z _ -1 =1 -1\ 1
772'6711 772'6721 T €igo,jlo T 775,@ : 77%’12 77%’32 771',{2

cy=det | 07t ongt e €2l e | T e

: : .. : DR : 1 1 . 1

1 1 - 1 . 1
The Vandermonde determinant is not 0 because 7, ; and &, ;, are distinct. Hence
¢;,j 7 0. Therefore we have completed the proof. a
Corollary 4.11. If m divides n, then r(A™(n)) = [==1] +1 = 2.

Proof. If m = 1 or n = m, then the statement is trivial. Let n > m > 2. By
Proposition [4.10] there exists an n-dimensional irreducible representation p of Fy
such that A™p has a realizable invariant subspace of dimension n/m. Hence we
have r(A™(n)) = n/m by Proposition A4l O

The following remark was suggested by the referee.

Remark 4.12. Proposition d.10 shows that there exists an irreducible representa-
tion p : Fo — GL,, (k) such that p is neither m-thick nor ¢-thick, where n = ¢m for
¢, m > 2. However, we can easily construct an irreducible representation p : F3 —
GL, (k) of the free group F3 = («, 5,7) of rank 3 such that p is neither m-thick nor
(-thick. Indeed, set p(«) = diag(aq, ag, ..., ay),

0,, 0,, 0, --- 0O, ]m
I, 0, 0, - 0, 0,
0, I, 0p -+ 0, O

B/ Om e m m m m m
Om Om O I, On
0 0 O 0 1
1 0 0 0 O
o 1 0 --- 0 O

where ay, ..., € kX aredistinctand B'= | . . . . . . | €GL,(k).

o o o0 --- 1 0

We can show that p : F5 — GL, (k) is irreducible by Lemma .6l We can also prove
that p is neither m-thick nor ¢-thick, and that W := (e; Aea A=+ A€, €mrr A+ A
€omy €2m41 N N €3ms s €—1ym1 A o A ey) © ATV s a realizable (A"'p)(F3)-
invariant subspace of dimension ¢ as in the proof of Proposition .10
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By the definition, it is obvious that r(A™(n)) < (). The following proposition
gives us a non-trivial upper bound of r(A™(n))

))-
Proposition 4.13. For 0 <m < n, r(A™(n)) < n.

Proof. Let a and b are distinct non-zero elements of a field k. Assume that
t{ecek|=a}=t{cek]|=b}=n. Let {{|1<i<n}and {n |1 <i<n}
be the n-th roots of a and b, respectively. We define an n-dimensional representation
p of the free group Fy = (a, 3) by

0O 0 O 0 a 0 0 0 0 b

1 0 0 0 0 1 0 0 0 0

0O 1 O 0 0 0 1 0 0 0
p)=| . .. NAVOE

o 0o o --- 1 0 o o o --- 1 0

Set v; = H(& €02 &, 1) and w; = ()t n 2 L. mi, 1), Tt is easy to check
that p(a)v; = &u; and p(B)w; = naw; for 1 < ¢ < n and that {vy,...,v,} and
{wy,...,w,} are bases of k". In a similar way as the last part of the proof of
Proposition [£10, we can prove that p : Fo — GL, (k) is irreducible. Indeed, let V/
be a non-zero subspace of k™ which is invariant under p(a) and p(/5). By Lemma
[4.6], there exist subsets [ and J of {1,2,...,n} such that V = @ik -v; = ®jesk - w;.
Suppose that w; € V. Put w; = > ¢;v;. Then we have

n—1 n—1 n—1 n—1
L, S22, e & €1 M;
n- n=2 ... ¢n-2 n—2
1 2 &n €2 n;
1 1 e 1 Cn, 1
By Cramer’s rule,
[ 1 1
n—1 n—1 n—1 n—1 n—1 n— c. 6”—1
e A e 1 2
1 2 nj gn n—2 n—2 2—2
n—2 n—2 n—2 -2 1 2 n
c; = det 1 2 M) e &y -det ) ) )
: : - : - : 1 1 1
1 1 .. 1 ... 1

The Vandermonde determinant is not 0 because §; and 7; are distinct, and hence
¢; 0 for 1 <i<mn. We see that I = {1,2,...,n} and that V' = k™. This implies
that p is irreducible.
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Let eq,ées,...,e, be the canonical basis of k". For 0 < m < n, define an n-
dimensional subspace W,, of A™k™ by

W, = <61/\62/\"'/\6m,62/\63/\"'/\6m+1,...,6i/\6i+1/\"'/\6,’+m_1,
ceslpi Nep Ner A Negog,en Neg A Aeg1) CATE".

Then W,, is an Fs-invariant realizable subspace of A™k™. Hence r(A™(n)) <
dim W,,, = n. This completes the proof. O

We prepare some basic results on perfect pairings for determining some r(A™(n)).
In the sequel, by a G-module we understand a finite-dimensional left G-module over
a field k for a group G. For a G-module W, the dual W* is defined as W* :=
{f: W — k| k-linear }, where (g - f)(x) := f(g~'*) for g € G and f € W*. For
G-modules W, W’  we define the G-module W @, W’ by g - (u ® v) := gu ® gv for
geEG ueW,and veW.

Lemma 4.14. Let W, W’ be finite-dimensional G-modules over a field k. Let L be
a one-dimensional G-module. Suppose that f : W x W' — L is a G-equivariant
perfect pairing. In other words, the bilinear map f satisfies

(1) f(u,v) =0 forallve W =u=0,

(2) f(u,v) =0 for allu e W = v =0,

(3) flgu,gv) = g(f(u,v)) forallg € G,u € W,v € W'.
Then there exists a canonical isomorphism W' = W* @, L as G-modules.

Proof. Let e be a non-zero vector of L. Let ¢, : k — L be the linear isomorphism
defined by a — ae for a € k. We define the linear map ® : W' — W* ® L by
v = ¢ f(*,v)) @ e. Note that the definition of ® is independent from the choice
of e. We claim that ® is an isomorphism as G-modules.

First, we show that & is G-equivariant. Let x : G — GL;(k) be the character
associated to L. In other words, g - w = x(g)w for g € G and w € L. We see that

O(gv) = o7 (f(rgv))@e=¢. (g (flg7%v)) @e =0 (x(9)f(g7 ) @e
= ¢, (flg70) @ x(g)e =0, (flg ' %,0) @ g-e=g- B(v).
Hence ® is G-equivariant.

Next, suppose that ®(v) = 0. The assumption implies that f(u,v) = 0 for all
u € W. Because of perfectness, we have v = 0. Thus we proved that ® is injective.
On the other hand, we see that dim W’ = dim(W* ® L), which implies that ¢ is
surjective. Therefore ® is an isomorphism. O

Corollary 4.15. Let W, W' be finite-dimensional G-modules over a field k. Let L
be a one-dimensional G-module. Suppose that a bilinear map f : W x W' — L
satisfies:

(1) f(u,v) =0 for allve W = u=0.

(2) flgu,gv) = g(f(u,v)) forallg e G,u e W,v € W'.
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Then there exists a canonical surjection W' — W* @ L as G-modules.

Proof. Let W* := {v € W' | f(u,v) = 0forallu € W}. The bilinear map
f: W xW'— L induces a G-equivariant perfect pairing f : W x (W’'/W") — L. By
Lemma ET4 we have a canonical isomorphism ® : (W’'/W"*) = W*® L. Composing
® and the projection W’ — (W' /W), we have a canonical surjection W' — W*®; L.
O

Corollary 4.16. Let W, W’ be finite-dimensional G-modules over a field k. Let L be
a one-dimensional G-module. Let Z be an irreducible G-submodule of W, and let Y
be a G-submodule of W’. Suppose that any G-homomorphism ¢ 1Y — Z*® L is not
surjective. If f: W x W' — L is a G-equivariant perfect pairing, then f(z,y) =0
forallze Z,yeY.

Proof. Let Y* := {y € Y | f(z,y) = Oforallz € Z}. If Y¥ = Y, then the
statement is true. Suppose that Y* # Y. Then f induces f : Z x (Y/Y*#) — L
which has the property that f(z,%) = 0 for all z € Z implies § = 0. By Corollary
15 there exists a surjection ¢ : Z — (Y/Y#)* ® L. Since Z is irreducible, ¢ is an
isomorphism. Taking ¢ ® L* and the dual, we have Z* ® L = (Y/Y*#). Then we
obtain a surjection Y — (Y/Y¥#) = Z*® L, which is a contradiction. Hence Y# =Y.
O

Proposition 4.17. For 0 <m < n, r(A™(n)) = r(A""™(n)).

Proof. Let p : G — GL(V) be an n-dimensional irreducible representation of a
group GG. Assume that A"V has a G-invariant realizable subspace W of dim d. We
claim that A"~ (V*) has a G-invariant realizable subspace of dim d. Since V* is an
n-dimensional irreducible G-module, we see that r(A™(n)) > r(A""™(n)) from this
claim. By Changing m and n — m, we have (A" (n)) > r(A™(n)), and we can
conclude that r(A™(n)) = r(A""™(n)).

Let us prove the claim. Considering the perfect pairing A"V x A"~V — A"V,
we have a canonical isomorphism & : A"V = (A""V)* @ A"V by Lemma [£.14l Let
e1,...,€e, be abasis of V such that ey A---Ae,, € W. Let f1,..., f, be the dual basis
for ey,...,e,. Set W' := ®(W)® (A"V)*. Then W’ is a d-dimensional G-invariant
subspace of (A""V)*@ A"V @ (A"V)* = A"~™(V*). We easily see that W’ contains
(e1 Ao ANem) Ak = frr1 A+ A f. This implies that A"~ (V*) has a G-invariant
realizable subspace W’ of dim d. Therefore we have proved the statement. a

Remark 4.18. By the definition, r(A%(n)) = r(A"(n)) = 1. Hence r(A™(n)) =
(A" (n)) for 0 <m <n. We see that 7(A'(n)) = r(A"1(n)) = n for n > 2. By
Corollary .5l and Proposition .13] 2 < r(A™(n)) < n for 0 < m < n. It is not easy
to calculate the r-number 7(A™(n)) in general.

Proposition 4.19. 7(A2%(5)) = r(A3(5)) > 4.
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Proof. Since r(A%(5)) = r(A3(5)) by Proposition .17, it suffices to prove that
r(A%(5)) > 4. By Proposition 4l we have r(A%(5)) > 3. We claim that r(A?(5)) # 3.
Suppose that there exists a 3-dimensional realizable invariant subspace W of A2V for
a b-dimensional irreducible representation p : G — GL(V') of a group G. Since W is
realizable, there exist linearly independent vectors ey, es € V' such that e; Aeg € W.
By irreducibility of p, there exists ¢ € G such that p(g)(e;) can not be written as a
linear combination of {ey, es}. Similarly, there exists ¢’ € G such that p(¢’)(e;) can
not be written as a linear combination of {ey, es, p(g)eq, p(g)ea}. Put vy := €1 A eq,
vy == p(g)er A p(g)ez, and vs := p(g')er A p(g')e2. Note that {e1, ea, p(g)er, p(g')er}
and {p(g)e1, p(g)e2, p(¢g')e1} are linearly independent. Then vy A p(g)es Ap(g')er # 0
and vs A p(g')e; # 0. We easily see that vy, ve,v3 € W are linearly independent.
Hence W = (v, vg, v3).

We define the subspace W A W of A*V as the subspace spanned by the vectors
{x Ny € NV | 2,y € W}. The vector space W AW can be spanned by the vectors
v1 A vg, 1 Avs, and vy A vg. Hence W AW is a G-invariant subspace of A*V and
dim W AW < 3. Since V is irreducible, A*V is also irreducible. Thus W A W = 0.
Then there exist g1, g2, g3 € G such that {ey, e, p(g1)er, p(g2)er, p(g3)er} is linearly
independent and (e; A ex) A (p(gi)er A p(gi)ez) = 0 for 1 < i < 3. The vector p(g;)es
can be written as a linear combination of {ej, eq, p(g;)e;1} for each i. So we easily
see that ey A ey, p(g1)er Ap(g1)es, p(g2)er A p(g2)es, and p(gs)er A p(gs)es are linearly
independent. Thus dim W > 4. This is a contradiction. Therefore r(A%(5)) > 4. O

Later we will show that r(A%(5)) = r(A%(5)) = 4 in Proposition (.3
Proposition 4.20. r(A%(6)) = 7(A*(6)) = 3 and r(A3(6)) = 2.
Proof. By Corollary [.11] and Proposition .17, we can verify the statement. O

5. CRITERION FOR THICKNESS

In this section, we discuss criteria for thickness. First, we deal with 4-dimensional
representations.

Proposition 5.1. Let V' be a 4-dimensional vector space over an algebraically closed
field k. For a representation p : G — GL(V), the following statements are equiva-
lent:
(1) p is thick.
(2) p is 2-thick.
(3) p is irreducible and the induced representation N?p : G — GL(A?V) has no
G-invariant subspace W C A2V such that 2 < dim W < 4.
(4) p is irreducible and the induced representation N*p : G — GL(A?*V) has no
G-invariant subspace W C AV such that dim W = 2 or 3.

Proof. It is trivial that (1) = (2) and @) = @). If p is 2-thick, then p is irreducible
by Proposition 27l Hence by Proposition 2.6, p is m-thick for 1 < m < 4, which
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implies that ([2) = (I). Assume that p satisfies (). Suppose that A%p has a G-
invariant subspace W C A2V of dimW = 4. Then W+ C A%V is a 2-dimensional
G-invariant subspace. This is a contradiction. Hence () = (3.

Next, we show that ([2)) = ([B). Assume that p is 2-thick. By Proposition 27, p is
irreducible. Suppose that A?p has a non-trivial G-invariant subspace W C A2V such
that 2 < dim W < 4. Put Wy := W and W, := W+ C A2V. Then 2 < dim W, < 4.
By Lemma (41l W; and W, are realizable. Hence it follows from Proposition 2.11]
that p is not 2-thick. This is a contradiction. Therefore p satisfies ([B]) and we have
@ = @).

Finally, we show that (B)) = (2). Assume that p satisfies ([3). Suppose that p
is not 2-thick. It follows from Proposition 2.11] that there exist realizable invariant
subspaces Wy, Wy C A2V such that I/Vll = Wj. By Corollary [4.5] we have dim W; >
2 and dim W5 > 2. Hence W is a realizable invariant subspace such that 2 <
dim Wy < 4. This is a contradiction. Therefore ([B) = (2). We have completed the
proof. O

Next, we deal with 5-dimensional representations.

Proposition 5.2. Let V' be a 5-dimensional vector space over an algebraically closed
field k. For a representation p : G — GL(V), the following are equivalent:
(1) p s thick.
(2) p is 2-thick.
(3) p is irreducible and the induced representation N*p : G — GL(A?*V) has no
non-trivial G-invariant subspace W C A?V with 4 < dim W < 6.

Proof. Tt is easy to check that (Il) < (2)) by Propositions and 2.7 Let us
show that (Il) = (3). Assume that p is thick. Then p is irreducible by Proposition
27 Suppose that there exists a non-trivial G-invariant subspace W C A%V with
4 < dimW < 6. Put Wy := W and W, := W+ C A*V. By Lemma E.1, W; and
W, are realizable. Hence Proposition 2.11] implies that p is not thick. This is a
contradiction. Therefore we see that p satisfies (3 and that (1) = (3).

Finally, we show that () = (). Assume that p satisfies (3]). Suppose that p is
not 2-thick. Then by Proposition Z.I1] there exist realizable subspaces W, C A2V
and Wy C A3V such that Wit = W,. Proposition says that dim W; > 4 and
dim Wy > 4. Hence 4 < dim W; < 6. This contradicts the assumption. Therefore p
is 2-thick. a

By using Proposition [5.2] we have the following proposition.
Proposition 5.3. 7(A%(5)) = r(A*(5)) = 4.

Proof. For a partition A = (\q,...,\,) of d, we denote by V) the irreducible
representation of the symmetric group S, over C corresponding to A. Let us consider
the 5-dimensional irreducible representations V(3 2) and V(22 1) of S5. By calculating
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Characters, we see that /\2‘/(372) = Vv(g’Ll) D Vv(g’l’l’l) and /\2‘/(2’271) = Vv(g’Ll) D Vv(g’l’l,l).
Since dim V(g1 1) = 6 and dimV(g11,1) = 4, V(32) and V|991) are not 2-thick by
Proposition[5.21 In particular, A*V{3 9y and A*V{2 5 1) have 4-dimensional Ss-invariant
realizable subspaces V(2,1,1,1), respectively. This implies that r(A*(5)) = r(A3(5)) <
4. Using Proposition .19, we have r(A%(5)) = r(A3(5)) = 4. O

Remark 5.4. By the calculations above, we have the following table on 7(A™(n))
in the case n < 10:

n\m|O 1 2 3 4 5 6 7 8 9 10

1 1 1

2 1 2 1

3 |1 3 3 1

4 (1 4 2 4 1

5 |1 5 4 4 5 1

6 [1 6 3 2 3 6 1

7T 1171 A B B A 7 1

8 |1 8 4 C 2 C 4 8 1

9 |1 9 D 3 E FE 3 D 9 1

10 |1 10 5 F G 2 G F 5 10 1
Here we have not yet determined A, B,C, D, E, F, G. Until now, we can only know
that 4 < A<L<7,3<B<7,3<(C<85<D<93<FE<L94<F<I10,and

3 <G < 10.

For n > 6, it is difficult to check whether a given n-dimensional representation
is thick or not. In the rest of this section, we show some results on thickness and
denseness.

Lemma 5.5. Let ¢ : G — G’ be a group homomorphism and p : G' — GL(V) a
finite-dimensional representation of G'. If p is not m-thick, then neither is po ¢ :

G — GL(V).

Proof. Suppose that p o ¢ is m-thick. Let V; and V5 be subspaces of V' such that
dim V4 +dim V5 = dim V. Then there exists g € G such that (po ¢)(g)V1 & Vo =V.
Putting ¢’ := ¢(g) € G’, we have p(¢')V} @ Vo = V. This implies m-thickness of p,
which is a contradiction. Hence p o ¢ is not m-thick. a

Proposition 5.6. Let k be a field. Let V := A%k"™ be the exterior of the stan-
dard representation k™ of GL, (k) with n > 4. Then V is not (n — 1)-thick as a
representation of GL, (k).

Proof. Let ey, ey,...,e, be the canonical basis of k". Let W := (e; A eg,e1 A
e3,...,e1 Ney) C A2k™. Note that the (n — 1)-dimensional subspace W is expressed
as ey Nk" == {e;Av | v € k™}. Foreach g € GL,(k), gW = (ge1Agea, ..., ge1Age,) =
(ger) NK". Put gey = ajeq + ases + -+ -+ aye,. We see that ge; Ae; € gW and that
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geiNe; = —agei Neg—- - -—apei Ne, € W. If gey # ajeq, then 0 # gey ANeyp € WNgW.
If ge; = ajeq, then 0 # gey A ges = are; Ages € WNgW. Hence WNgW #£ 0. If we
choose a subspace W’ of dimension n(n —1)/2 — (n — 1) such that W’ D W, then
gW N W’ %0 for each g € W. Hence V' is not (n — 1)-thick. O

Corollary 5.7. Let n > 4. For any n-dimensional representation V' of an arbitrary
group G, the exterior representation A*V of G is not (n — 1)-thick.

Proof. The statement follows from Lemma and Proposition [5.61 O

In the same way as Proposition 5.6l we can prove the following proposition. This
result was suggested by the referee.

Proposition 5.8. Let p : G — GL(V) be an n-dimensional representation of a
group G over a field k. Let m < %n Suppose that there exists an m-dimensional
subspace W of V' such that (p(g)W)NW #£0 for all g € G. Then p is not m-thick.

Proof. Since n—m > 2m—m = m, we can choose an (n—m)-dimensional subspace
W’ of V such that W' O W. For all g € G, (p(g)W)NW' D (p(¢)W)NW' N =
(p(g)W)N W # 0. Hence p is not m-thick. O

Remark 5.9. Denseness and thickness are independent from absolute irreducibility.
For example, the representation

p: R — GL(2,R)
0 cos) —sind
sinf  cosf
is dense and thick, but not absolutely irreducible. Conversely, the representation
V = A2C* of GL(4,C) is not thick (and hence not dense) but absolutely irreducible.

The following proposition shows that there are many examples of representations
which are not dense.

Proposition 5.10. Letn > 4. Let V' be an n-dimensional irreducible representation
of a group G. Assume that all irreducible representations of G have dimension < n.
Then the representation V of G is not dense.

Proof. The dimension of A?V is (3)(> n). Hence A*V can not be irreducible.

This implies that V' is not dense. O

Corollary 5.11. Let G be a finite group. Assume that G has an irreducible rep-
resentation of dimension n with n > 4. Then G has an irreducible representation
which 1s not dense.

Proof. Let n be the maximum of the dimensions of irreducible representations
of G. Since G is finite, there exists the maximum n. The assumption implies that
n > 4. Let V be an irreducible representation of G' of dimension n. The previous
proposition shows that V' is not dense. ad
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Remark 5.12. Let G be a group. Let V be a representation of G of dimension n
with n > 4 over C. Then A™V is not thick for 2 < m < n — 2. This fact will be
proven in [4].

6. EXAMPLES

In this section, we show several examples of representations for Lie groups. In [4],
we will classify thick representations and dense representations for complex simple
Lie groups. Here we show another approach to verify thickness and denseness.

6.1. Case: G = GL3(C). Let a and b be integers with a > 0. Let V{,4s5) be
the irreducible representation of G = GLy(C) with highest weight (a + b,b). Set
det” := Vi) for b € Z. Note that Vi,445) = det’ ®V[, ) and that dim Vig4pp) = a+1.

Lemma 6.1. As representations of GLy(C), we have
[2£7]
A Vi = det®® Z det ™' @ Viga—ar12,0)

k=1

a

+

o

= Vi2a+2b—2k+1,26+2k—1)-

v ‘

e
Il
—

Proof. Comparing characters, we can verify the statement. a

Corollary 6.2. For a > 3, the representation Vi) is not 2-dense. In particular,
it 18 not dense.

Proof. Since [“T“] > 2 if a > 3, the representation /\2V(a+b,b) is not irreducible by
Lemma [6.1l Hence V(4144) is not 2-dense. O

Corollary 6.3. If a = 3 or 4, then the representation Vi) is thick.

Proof. When a = 3, A*Vipi135) = Vibss.20+1) D Viap+3.20+3) by Lemma Hence
/\2V(3+b7b) has no GLy(C)-invariant subspace W such that 2 < dim W < 4 because
dim Vigp15,20+1) = 5 and dim V{gy13 2543y = 1. By Proposition b.I], the 4-dimensional
representation V{yysyp is thick. When a = 4, /\2V(b+47b) = Viob+7.20+1) D Vi2b+5.20+43)
by Lemma Hence A*V{p145) has no GLy(C)-invariant subspace W such that
4 < dim W < 6 because dim V{gp47,2041) = 7 and dim Vigy15 2p43) = 3. By Proposition
(.2 the 5-dimensional representation Viy,4) is thick. O

Remark 6.4. When a = 1 or 2, the representation V(445 is dense. When a >
3, we can verify that V{44 is not dense, but thick by the classification of thick
representations of simple Lie groups. Indeed, we will see that S™SLs is thick and
not dense if m > 3 in [4].
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6.2. Case: G = GL,(C).

Proposition 6.5. Let V = C" be the standard representation of GL,(C). Then V
15 dense.

Proof. This assertion follows from the irreducibility of AV for 1 <i<n-—1. O

For the standard representation V = C" of GL,(C), let us discuss thickness and
denseness of S?V and A%V

Lemma 6.6. Put P,(x) =[[_,(1+2") = (1+x)(1+2?) - (1+2"). Let a; be the
coefficient of x* in P,(x). Then if n > 3, then a; > 1 for any 0 < i < "(n2+1) and

. n(n+1)
ai22f0rany3§z§T—3.

Proof. Let us prove the statement by induction on n. When n = 3, Ps3(x) =
1+ 2+ 2%+ 223 + 2% + 2° + 25 and hence the statement holds. Suppose that the
statement is true for n. Since

Poii(x) = Py(z)(1 + 2™

= ap+ a7 + ax® + - + @, 2" + (g1 + ag)T" T + (apyo + ar) "

4+t (an(n+l)/2 + a(n+1)(n—2)/2)l’n(n+1)/2 + an(n—l)/2$(n2+n+2)/2
4o an(n+1)/2l’(n+1)(n+2)/2,

O

the statement is also true for n + 1. This completes the proof.

Proposition 6.7. Let V = C" be the standard representation of GL,(C)

(n
Then the second symmetric tensor SV is irreducible, but not m-thick for 3 <

n(n+1)
nnth) 3,

> 3).
m <

Proof. Tt is well-known that SV is irreducible. By [2, Theorem 4.4.2], the number
of irreducible components of A™(S?V) is equal to the the number of partitions of m
into distinct parts of size at most n. This number is equal to the coefficient a,, of
2™ in P,(z) in Lemma Since a,, > 2 by Lemmal[6.6] A™(S?V) is not irreducible
for any 3 <m < @ — 3. We see that irreducible components of A™(S?V) are all
realizable by the proof of |2, Theorem 4.4.2]. Hence Proposition 2.I1] implies that
A™(S?V) is not m-thick for any 3 < m < w — 3. O

Proposition 5.6 shows that A2C™ is not (n — 1)-thick for the standard representa-
tion C" of GL,,(C) for n > 4. Moreover, we have the following proposition.

Proposition 6.8. Let V = C" be the standard representation of GL,(C) (

n
Then the second alternating tensor A2V is irreducible, but not m-thick for 3 <

n(n—1)
ninl) _ 3,

> 4).
m <
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Proof. Tt is well-known that A%V is irreducible. By [2, Theorem 4.4.4], the number
of irreducible components of A™(A?V) is equal to the the number of partitions of
m into distinct parts of size at most n — 1. This number is equal to the coefficient
am of ™ in P, ;(z) in Lemma [6.6. Since a,, > 2 by Lemma [6.6, A™(A?V) is not
irreducible for any 3 < m < @ — 3. We see that irreducible components of
A™(A?V) are all realizable by the proof of [2, Theorem 4.4.4]. Hence Proposition

21T implies that A™(A%V) is not m-thick for any 3 < m < @ — 3. 0O

Then from Propositions and [6.8] we have the following corollary.

Corollary 6.9. Let V = C" be an n-dimensional representation of any group G. If
n >3, then the second symmetric tensor S?V is not thick. If n > 4, then the second
alternating tensor A*V is not thick.

Proof. Using Lemma [5.5, we can prove the statement (the latter part has been
proved in Corollary 5.7)). O

6.3. Case: G = S0,(C).

Proposition 6.10. Let V' be the standard representation of G = SOs,,(C). Then V
is m-dense for each 0 < m < 2n with m # n, but not n-thick.

Proof. The first assertion follows from the irreducibility of A°V for 1 <i <n — 1.
The proof of [1, Theorem 19.2] shows that the n-th alternating tensor A"V has
exactly two irreducible factors and they are realizable. Then by Proposition 2.11]

the representation V is not n-thick. O
Proposition 6.11. Let V be the standard representation of G = SOg,+1(C). Then
V is dense.

Proof. The m-th alternating tensor A"V is irreducible for each 0 < m < 2n + 1
(for example, see [I, Theorem 19.14]). This implies the statement. O

6.4. Case: G = Sp,,(C). Let V be a 2n-dimensional complex vector space, {e1, e,
...,e,} a basis for V', and {e},e5,...,e5, } its dual basis for the dual vector space

V*. We use a non-degenerate skew-symmetric bilinear form w = Zef N e, ,; and
i=1
the corresponding symplectic Lie group Sp,, (C). Then we have a contraction map
by w:
fm t ATV — ARV
If m < n, Kerf,, is the m-th fundamental representation of Sp,, (C). In particular,
Ker f,, is irreducible. We have the isotropic Grassmann variety of isotropic subspaces
of dimension m as a unique minimal closed orbit in the projective space P(Kerf,,).
Since Kerf,, contains A™L for any isotropic m-dimension subspace L C V', Kerf,,
is realizable. For details see [I].
The following lemma is well-known.
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Lemma 6.12. Let (V,w) be a 2n-dimensional symplectic vector space and W C 'V
a subspace. Then there is a basis {vi,va,...,von} of V' such that w(vy,v,e;) = 1,
w(v;,vj) = 01f j #i£n, and for some non-negative integers l, k

W = <’Ul, ey UkyVga1y - -5 Un—yUntly .- 7Un+k>-

Lemma 6.13. Let (V,w) be a 2n-dimensional symplectic vector space and W C V

a subspace of codimension i (i < n). Then there is a Lagrangian subspace L C V
such that L+ W =V.

Proof. 1t is enough to prove the case of ¢ = n. By Lemma [6.12] there is a
symplectic basis {vi, vy, . .., V2, } of V such that for some non-negative integer k& < 3
W= <’U17 w5 Uky Uk41y « -y Un—ky Unt1s - - - avn+k>'

In the case of £k = 0, W = (vq,...,v,). Then L = (v,11,...,vy,) satisfies the
condition L + W = V. In the case of 1 <k < &, we put as following,

L= <’Un+k+1> ooy Ungktis - - oy Von—k,
Un—k+1 T Un+1, - - -, Un—kti T Unctis - - -, Un + Untk,
U2n—k+1 + V1, -« o UVap—ti + Uiy o .o, V2 + 'Uk>‘
Then L is a Lagrangian subspace and satisfies the condition L + W = V. O

Lemma 6.14. Let (V,w) be a 2n-dimensional symplectic vector space and W C V
a subspace of codimension i (i < n). Then there is an isotropic subspace U C 'V of
dimension i such that U NW = {0}.

Proof. By Lemma [6.13], there is a Lagrangian subspace L C V such that L+W =
V. Since the dimension of L N W is n — i, there is a subspace U C L such that
the dimension of U is i and U N W = {0}. Since U is a subspace of a Lagrangian
subspace L, U is an isotropic subspace. O

Then we have the following proposition.

Proposition 6.15. Let (V,w) be the standard representation of Sp,,, (C). For each
1 <m<n, (Kerf,)" C A" ™V is not realizable.

Proof. Tf (Kerf,,)* is realizable, there is a subspace W C V of codimension m
such that A=W € (Kerf,,)*. Then by Lemma[6.14lwe have an isotropic subspace
U C V of dimension m such that U N W = {0}. Because Kerf,, contains A™L for
any isotropic subspace L C V of dimension m, we have AU € Kerf,,. But we have
(A=mW) A (A™U) # 0. This is a contradiction. O

By the SLy,(C)-equivariant canonical pairing A" ¥V x AFV — AV = C, we
have the SLy, (C)-equivariant isomorphism

AR o (NFV)F 22 AR
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Moreover by the correspondence ej A --- Ae; +— €, A--- A e, we have the
isomorphism A*V* — AFV as vector spaces. The difference between these vector
spaces as SLa,(C)-modules is described by the outer automorphism

o SLQn((C) — SLQn(C)
g =l
Then we obtain the isomorphism ¢ as SLg,(C)-modules up to the outer automor-
phism o, that is,
¢ NV (AN 2 APV o ARY
Thereby ¢ induces the isomorphism ¢ as follows:

¢ PATTRY) 5 P(AFY)
U U
Gr(2n —k, V) = Gr(k, V).

Since o(Sp,,(C)) = Sp,,,(C) and ¢ is an inner automorphism of Sp,, (C), ¢ gives
an isomorphism between A"V and AFV as Sp,,, (C)-modules. When we consider
AFV as a Spy,(C)-module, it is well-known that each irreducible representation
of Sp,,(C) occurs at most once in an irreducible decomposition of A*V (see [I]
Chap.17]). Then we have several irreducible Sp,, (C)-invariant subspaces {W, }i=1..
in A*V such that we have a unique irreducible decomposition A¥V = W, & W, &
- @ Ws, and W; = W, if and only if ¢ = j. Since there exists some number ¢ such
that W; = Ker f, from now we put W; = Ker f;. Therefore under the isomorphism
¢ we can obtain the unique irreducible decomposition of A?*~¥V . Namely if we put
we have the unique irreducible decomposition A" %V = W] & W4 & --- & W/, and
Wi = Wiif and only if i = j. By the above construction we have the following
lemma.

Lemma 6.16. For any subset {ji,...,5} C{1,2,...,s}, the subset P(W;, & --- &
Wi )NGr(k, V) is empty if and only if the subset P(W} &---@W;)NGr(2n—k,V)
18 empty.

Proposition 6.17. For any subset {j1,...,71} C {1,2,...,s}, the following are
equivalent:

(1) Wy, @ ---® W, is a realizable subspace of N*V .

(2) W) @---@® W] is a realizable subspace of N*"~*V.

(3) There is some m € {1,...,1l} such that j, = 1.

Proof. Lemma shows that (1) and (2)) are equivalent. Note that W* = W
for any Sp,, (C)-modules W. For the perfect paring AV x AZ"FV — AV 2 |
we see that (Kerf)® = W, & W@ --- @ W.. Indeed, any Sp,, (C)-homomorphism
oWy =Kerfy - WjeWje---aoWH)* 2W,eW,®--- & W! is zero. By
Corollary 16, we have (Kerfy): 2 Wi @& Wi @ --- @ W, Since W] = W, is
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irreducible, (Kerf;,)* = W5 ® W@ ---@® W!. Then Proposition [6.15 shows that (2)
and (3] are equivalent. O

Then we have the following proposition.

Proposition 6.18. The standard representation of Sp,,(C) is thick, but not m-
dense for each 1 <m < 2n — 1.

Proof. Since each irreducible representation occurs at most once in A*V, for any
invariant subspace U C AFV there is a subset {i1,...,io} C {1,2,...,s} such that
U=W, &---®W,,. Similarly for U+ there is a subset {ji,...,js} C {1,2,...,s}
such that U+ = W] @- - -®Wj, . Since (Kerfi)* = WiaWi®---dW! 1€ {i1,..., i}
if and only if 1 ¢ {j1,...,J5}. By Proposition [6.17] it is impossible that both U and
U+ are realizable. This implies that V is thick. Since it is well-known that A™V is
not irreducible for each 1 < m < 2n — 1, V is not m-dense for 1 <m <2n—1. O
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