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A NOVEL STATISTICAL APPROACH FOR TWO-SAMPLE TESTING BASED
ON THE OVERLAP COEFFICIENT
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Here we propose a new nonparametric framework for two-sample test-
ing, named as the OVL-q (¢ = 1,2,...). This can be regarded as a natural
extension of the Smirnov test, which is equivalent to the OVL-1. We specifi-
cally focus on the OVL-2, implement its fast algorithm, and show its superi-
ority over other statistical tests in some experiments.

1. Introduction. The overlap coefficient (OVL) is a measure of the similarity between
two probability distributions, defined as the common area under their density functions. Pre-
viously, we have developed a nonparametric method to estimate the OVL [6].

Based on the OVL estimation, here we propose a new statistical approach for two-sample
testing, named as the OVL-q (¢ = 1,2,...). Furthermore, we describe algorithms for the
OVL-q, and experimentally compare the statistical power of the OVL-1 and OVL-2, for ex-
ample, with that of other statistical tests.

In this paper, we start with preliminaries and basic results in Section 2. The algorithms for
the OVL-q are described in Section 3. Experimental results are shown in Section 4, and the
conclusion follows in Section 5. The proofs of Theorems 2.6 and 3.9 are given in Sections 6
and 7, respectively.

A system to perform the OVL-1 and OVL-2 is available at https://fiveseven-
lambda.github.io/ovl-test/ along with its source code.

NOTATION. Throughout this paper, we denote by Z, N, N, Q, and R the sets of integers,
nonnegative integers, positive integers, rational numbers, and real numbers, respectively. If
—o0 < a < b< oo and if there is no confusion, we write [a,b] = {z : a < x < b}, [a,b) =
{z:a<xz<b}, (a,b) ={z:a <z <b},and (a,b) = {x: a < x < b} as (extended) real
intervals. For ¢ € Ny, we define R = {(v1,...,v,) ER7:vy <--- <w,}. Foraset A, #A
denotes the cardinality of A. B

2. Analytical framework.
2.1. Estimation of the OVL.
DEFINITION 2.1. On a probability space (2,2, P), let Xy,...,X,, be real random

variables with a continuous distribution function Fy, Yi,...,Y, be those with F}, and
Xi1,...,Xm,Y1,..., Y, be mutually independent. The empirical distribution functions cor-
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2
responding to {X7,..., X, } and {Y7,...,Y,,} are given by
1 m
FO,m(‘T) - Ezl(—oo,x}(Xl) (Z’ER),
i=1

(1)
1 n
Fin(2) =~ > lwaYs)  (zeR),
i=1

respectively, where 1 denotes the indicator function. Put Fy(co) = Fj(00) = Fp m(00) =
F1 p(00) =1 and Fy(—o0) = Fi(—00) = Fp yp(—00) = F p(—00) =0.

DEFINITION 2.2.  For a real function g on a set A and z,y € A, we write g|% = g(y) —
g(x). Forv = (vy,...,vy) € RL, define

q
() r(v) = Zmin {F0|g§+1,F1|52+1} 7
i=0
q
(3) Tm,n('v) = Z min {FO,m‘giﬂ , Fln’erl} 7
i=0

where vy = —oo and vy41 = 0o. Note that 0 < r(v) < 1and 0 <7, ,(v) <1 forall v € RL.
We also define ;

4) Pgmn = Min 7, ,(v) € [0, 1],
veERL
which exists because 7, ,, takes at most finitely many values.

REMARK 2.3. Note that pg ,, ,, is measurable on €2, because 7, ,(v) is obviously mea-
surable for each v € RZ and RZ in (4) can be replaced by its countable subset RZ N Q4
(since F,y, and I ,, are right continuous). a

DEFINITION 2.4. Suppose ¢ is a random variable on (2,2, P) taking values in a sepa-
rable metric space (E,d); {&; :i € Ny} and {¢] ;4,5 € N} are two sequences of random
variables on (2,2, P) into E. Then we say that {&;} and {{; ;} converge almost surely to &
if

P ({w € Q: lim &(w) :g(w)}) =1,

1—00

P({wee: tm ¢ =ew})=1

1,]—00

respectively.

REMARK 2.5. If Fy and F} are differentiable on R with continuous derivatives fy and
f1, respectively, then the OVL between the two distributions is given by

®) p= /_00 min { fo(x), f1(z)} dz.

We call 2 € R a coincidence point between fy and fy if fo(z) = f1(z); z € R a crossover
point between fy and f if there exists a neighborhood V' of x such that for any a,b € V,
(a —z)(b —x) > 0 if and only if [fo(a) — f1(a)][fo(b) — f1(b)] > 0. The set of crossover
points and that of coincidence points are denoted by C(fo, f1) and C’(fo, f1), respectively.
Note that C(f(b fl) - Cl(f(]? fl)
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THEOREM 2.6. Suppose fo and fi are as in Remark 2.5, #C'(fo, f1) < oo, and
#C'(fo, f1) = N < oo. Then pn m,n converges almost surely to p as m,n — oo.

See Section 6 for the proof of Theorem 2.6.
Hereafter, Iy and F} are only assumed to be continuous, unless otherwise noted.

2.2. The OVL-q test. For q € N, we define the OVL-q test statistic as pg ., . Under the
null hypothesis Hy : Fy = F1, the p-value of pg 1, is given by pg m n(pg,m.n) Where
(6) Pgmn(t) = P{w e Q:pgmn(w) <z})  (zER),
and the lower limit of a 100(1 — «)% confidence interval (0 < o < 1) of pg py, p is
(7) lgmmn(a) =sup{z €R:pgmn(x) <a}l.

2.3. The Smirnov test. (See [2] for reference.) The Smirnov (or the two-sample
Kolmogorov-Smirnov) test statistic is defined as

z€R

PROPOSITION 2.7. (See [4, Section 3.2] for reference.) The relation p1 ., pn=1— Dy
holds.

PROOF. We have
=minr v
P1,m,n wER m,n( )

= gglg (min {F07m|1ioo7F17n|iioo} + min {F07m|?)07F17n|30})

= gnellg (min {Fy p (v), F1n(v)} +min{1l — Fy ,(v), 1 — F1 n(v)})

= min (min {Fo,m (v), F1,n(0)} +1 = max {Fo.m(v), Fin(v)})

= gﬁgﬂg(l - |F0,m(’U) - FI,H(U)D

=1 —max|Fym(v) = F1n(v)]
=1- Dm,n
by definition. O

Let
Pmn(x) =P{w € Q: Dy p(w) >z}) (x €R).

The p-value of D,, , under Hy : Fyy = F is given by Dy, (D). Since Dy, y =1 — p1mom
by Proposition 2.7, we have

Pmn(z) =P{w e Q:pimn(w) <1 —2}) =p1mn(l —x) (x eR).
Hence py, (D, p) is equivalent to the p-value of py ,, », under Hj because
ﬁm,n(Dm,n) :pl,m,n(l - Dm,n) :pl,m,n(pl,m,n)-

Therefore, the OVL-1 is equivalent to the Smirnov test.



3. Algorithms for the OVL-q.
3.1. Basic principles.

DEFINITION 3.1. For k € Ny, let Ty = {0,1}* and define Ny(~) = Z?Zl v and
No(y) =k — Ni(v) fory = (71,...,7) € I'y. Let I'g = {e} where e is the empty sequence,
and define No(e) = Ni(e) = 0. Define ~,.; = (Vi+1,.--,7;) for v = (v1,...,%) € L'k
(k>1)andi,j€{0,...,k} (1 <j),and~v;; =efory eIy (k>0)andiec{0,...,k}. Let
Lei={v€Tksi: No(v) =k,Ni(v) =1} for k,l € N.For v € T';,, ,, and ¢ € N, define

(8) pq(7) :OSjIS_{nSIquSm_l_nr’y(jlv"'7](1)7

where
©) 2 sde) = ZmlH{FMV Byl
N ’L s . N .7

n
jo =0, and j,4+1 = m + n. Note that O <75(j1,--.,7¢) <1, and hence

(11) 0<p,(v) < 1.

Let € be the set of all w €  such that X;(w),..., X;m(w),Y1(w), ..., Yn(w) are all dis-
tinct. Since Fy and Fj are continuous, we can see that

(12) P(Q)=1.
Hence we can put {Z1,..., Zpin} ={X1,..., X, Y1,..., Y, } with Z; < -+ < Z, 4, al-
most surely. We also put Zy = Z; — 1. Now define 4 = (31, ..., Ym+n) € [y, 00 Q by

o i Zye{Xi,..., Xn},
TN i Zie v, V)

REMARK 3.2. By (1) and (10), we have Fy 5 (i) = Fy (Z;) and F 5(i) = Fy ,(Z;) for
alli €{0,....,m+n}.

REMARK 3.3. Under the null hypothesis Hy : Fy = F, we have ‘i(ﬁ) =TI, and

~1
P({w € B:7(w) = 7)) = (#Tn) " = (m N ”)

m

forall v € I'y, .
PROPOSITION 3.4.  For g € Ny, py(7) = pgmmn € [0, 1].

PROOF. By (4) and (8), we have

Pq(¥) = Ogjlg_mgljr}]gmwra(yl, - Jq)

= min Tma(Zjys- - Zj,)

0<j1< <jo<m+n

= min__ Tmn (V15 .,Uq)
(V1505v4) ERE

= pq,m,n € [07 1]7
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noting that

+1 Jit1
500 dq) = E mm{ Fasl; }
. Zji Zji
— E mln{FO,m|Zj‘+l7Fl,n|Zj‘+1}
=0

= Tmm(ij ceuy qu)
by (3) and (9) and Remark 3.2, where jo = 0 and j,4+1 =m + n. ]

THEOREM 3.5. Under the null hypothesis Hy : Fy = F1, we have

#{Y € Tmn 1 Pg(7) < 2}
#Pmm

Pgm,n () = (z€R)

forqe N,.
PROOF. This is obvious from (6) and (12), Remark 3.3, and Proposition 3.4. O

With this theorem, we can naively perform the OVL-q (see Section 2.2). Let us call this al-
gorithm the naive OVL-q. If ¢ = 2 and m = n, a faster algorithm can be applied, as described
in the next subsection. An optimized algorithm for the OVL-1 (equivalent to the Smirnov
test; see Section 2.3) has been previously proposed [8].

3.2. A faster algorithm to calculate ps ,, ,. Throughout this subsection, we assume that
m =n and HO : FO = Fl hold.

PROPOSITION 3.6. For any v € 'y, ,, and q € N, there exists k € {0,...,n} such that
pg(y) =k/n.

PROOF. It follows from (8), (9) and (11) that

~

pq(’)/) - 0<j1 < H'l<lj <m+n Z min {FO 7l

]¢+1 Fl ~

”“} €10,1]

where jo = 0 and j441 = m + n. Noting that

~ N 1 2
. Ji4+1 Ji41
mln{F07,y|ji 7F1N|ji }G{O’E’E"“}
by (10), we obtain the claim. O

REMARK 3.7.  We can see from Proposition 3.6 that the distribution function py ; ,, in
Theorem 3.5 is uniquely determined by the values p; ,, »(k/n) for k=0,...,n

DEFINITION 3.8. Define a sequence {Q;(x)} of polynomials in 2 inductively by
Q1(z) = Qo(z) =1,
Qit2(v) = Qiy1(z) —2Qi(x)  (i€N).

We denote by Q(x) the derivative of Q;(z). Note that Q(z),Q1(z), ... can be regarded as
formal power series. For a formal power series Q(z), we denote by [2¥]Q(z) the coefficient
of ¥ in Q(x), and by 1/Q(x) the multiplicative inverse of Q(x) (if it exists).



We can find {Q;(x)} in [10] as a variation of the Fibonacci polynomials. For each i € N,
we can easily see that [#°]Q;(x) = 1, and hence 1/Q;(z) exists.

THEOREM 3.9. Fork=0,...,n, we have

k
19 #lyernmm =z e

Q;c+1(33) B Q§c+2($)>
Qr(r)  Qryi(x) /)

See Section 7 for the proof of Theorem 3.9.

REMARK 3.10. For k=0,...,n, Theorem 3.5 and Proposition 3.6 imply
kY _,_#{r€lun:m0y) > 5}
P2.nn #an

o # {7 S Fn,n : ﬁ2(7) > %}
#Pn,n ’

# {7 €T ()2 : 1} =[="] <Qniﬁ(13(ca)c) - Qs;i(lﬂ(cg;)>

if K <n — 1, by Theorem 3.9. It is obvious that p ,, ,,(n/n) = 1.

=1

where

Remarks 3.7 and 3.10 imply that we can calculate ps ,, ,, with the use of {Q;(z)}. Let us
call this algorithm the fast OVL-2. In Section 4.1, we will numerically compare the compu-
tation times of the naive and fast OVL-2.

4. Numerical experiments.

4.1. Computation times of the naive and fast OVL-2. 'We performed the following bench-
mark test on a personal computer with min 2200 MHz — max 5083 MHz CPU (AMD Ryzen
9 5950X 16-Core Processor), 62.8 GiB RAM, and Linux 5.16.14 (Arch Linux). For each
n € {10,12,14,16}, we compared the mean computation times of the naive and fast OVL-2
(averaged over 10 computations for the naive; 100000 computations for the fast) to calcu-
late pa , (1/2). We further measured the mean computation time of the fast OVL-2 (aver-
aged over 10 computations) to calculate ps ,, »(1/2) with n € {500, 1000, 5000, 10000}. The
source code used here was written in Rust (2021 edition, rustc 1.58.1), and is published at
https://github.com/fiveseven—lambda/fast-OVL-benchmark/.

TABLE 1

Mean computation time [ms]
n | naive OVL-2 fast OVL-2
10 9 0.026
12 135 0.026
14 2153 0.028
16 34361 0.023
500 - 12
1000 - 49
5000 - 1865
10000 - 8027

Table 1 shows the result of the benchmark test. As can be seen, the fast OVL-2 was
much faster than the naive OVL-2 (e.g., more than one million times faster to compute
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p2,16,16(1/2)). The calculation of p 5, ,(1/2) with n € {500, 1000, 5000,10000} was com-
putationally difficult for the naive OVL-2 but easy for the fast OVL-2 (e.g., the fast OVL-2
could compute p2 10000,10000(1/2) in around eight seconds).

4.2. The statistical power of the OVL-2 test. In this experiment, we focused on the case
m =n and simulated X1,...,X,,Y1,...,Y}, in Definition 2.1, with fy and f; in Remark 2.5
being specific functions (described in the next paragraph). The random samples were sub-
jected to the OVL-1, OVL-2, and other statistical tests (i.e., the Welch ¢ [12], two-tailed
F [11, Section 6.12], Mann-Whitney U [7], and two-sample Cramér-von Mises test [1])
to verify the null hypothesis Hy : Fy = F} with 95% confidence interval. This trial (from
the generation of 2n random samples) was repeated 20000 times independently for each
n € {22,23,...,212}, and the statistical power (or equivalently the rejection ratio) of each test
was calculated. The source code used here was written in Rust (2021 edition, rustc 1.58.1)
and Python (version 3.9), and is published at https://github.com/fiveseven-
lambda/OVL-g-test—-comparison.

As probability density functions, we used

v )2
Normal, , (z) = ﬁ exp (—%) (x eR)

with ¢ € R and o > 0 for normal distributions;

(x+2)/2 if —2<x<—V2,
(2-v2)/2 if —V2<2<V2,
r+2)/2 if V2<x<2,

Trapezoidal (z) = (
0 if r<—-2or2<ux

for a trapezoidal distribution;

(x++6)/6 if —V6<x<0,
Triangular (z) = (—x + \/6)/6 if 0<x<+6,
0 if r<—vV6orv6<uz

for a triangular distribution;

1
Mixed () = 3 (Normal_¢ g 0.6 + Normalggo.6) () (r eR)

for a mixed normal distribution. As a control function, we fixed fo = Normalg ;.
Figures 1 to 5 show the experimental results:

* In the case f; = Normalg ;.1 where fo and f; were the densities of two normal distribu-
tions with identical means and different variances, the power of the I test was the highest,
followed by the OVL-2, Cramér-von Mises, OVL-1, and then Welch ¢ or Mann-Whitney
U test (Figure 1).

* In the case f € {Trapezoidal, Triangular, Mixed} where fj and f; were the densities of
two different distributions with identical means and variances, the power of the OVL-2 test
was the highest, followed by the OVL-1 or Cramér-von Mises, Welch ¢ or Mann-Whitney
U, and then F' test (Figures 2 to 4).

* In the case f; = Normal o1 where fo and f; were the densities of two normal distribu-
tions with different means and identical variances, the power of the Welch ¢ test was the
highest, followed by the Mann-Whitney U, Cramér-von Mises, OVL-1, OVL-2, and then
F test (Figure 5).
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FIG 1. The random variables X1,...,Xn,Y1,...,Yn were realized with fy = Normalg1 and f| =
Norma1071'1, and subjected to the statistical tests (the OVL-1, OVL-2, Welch t, F', Mann-Whitney U, and Cramér-
von Mises test) to verify the null hypothesis H : F = F1 with 95% confidence interval. This trial was repeated
20000 times independently for each n € {227 237 el 212}, and the statistical power of each test was evaluated.
Note that Normaly 1 has mean 0 and variance 1, while Normalg 1 1 has mean 0 and variance 1.21.

041 —— Normalg, 1
= —— Trapezoidal
@ 0.3 P
(9]
e
20.2
=
3
o 0.1 A
o

0.0 A

-4 -3 -2 -1 0 1 2 3 4

101 o ovL1
o 0.84 —®— OVL-2
% —t+— Welch t
2061 mF
©
= 04d ¢ Mann-Whitney U
-% " | —A— Cramér-von Mises
% 0.2

0.0 i —ar i

10! 102 103
sample size (n)

FIG 2. The random variables X1,...,Xn,Y1,...,Yn were realized with fy = Normalgq1 and f1 =
Trapezoidal, and subjected to the statistical tests (the OVL-1, OVL-2, Welch t, I, Mann-Whitney U, and Cramér-
von Mises test) to verify the null hypothesis H : Fo = F1 with 95% confidence interval. This trial was repeated
20000 times independently for each n € {227 237 el 212}, and the statistical power of each test was evaluated.
Note that Normal( 1 and Trapezoidal have mean 0 and variance 1.
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FIG 3. The random variables X1,...,Xn,Y1,...,Yn were realized with fy = Normalg1 and f| =
Triangular, and subjected to the statistical tests (the OVL-1, OVL-2, Welch t, F, Mann-Whitney U, and Cramér-
von Mises test) to verify the null hypothesis H : Fy = F1 with 95% confidence interval. This trial was repeated
20000 times independently for each n € {227 237 RN 212}, and the statistical power of each test was evaluated.
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FIG 4. The random variables X1,...,Xn,Y1,...,Yn were realized with fo = Normalg 1 and f1 = Mixed,
and subjected to the statistical tests (the OVL-1, OVL-2, Welch t, ', Mann-Whitney U, and Cramér-von Mises
test) to verify the null hypothesis Hq : Fy = F1 with 95% confidence interval. This trial was repeated 20000
times independently for each n € {227 237 el 212}, and the statistical power of each test was evaluated. Note

041 —— Normalg 1
0.3 - —— Mixed
0.2 A
0.1 A
0.0- T T T T T T T T T
-4 -3 -2 -1 0 1 2 3 4
101 o ovL1
0.84 —®— OVL-2
—+— Welch t
061 m F
04d ¢ Mann-Whitney U
" | —A— Cramér-von Mises
0.2 A
0.0 A

10! 102 103
sample size (n)

that Normalg 1 and Mixed have mean 0 and variance 1.
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FIG 5. The random variables X1,...,Xn,Y1,...,Yn were realized with fy = Normalg1 and f| =
Normalo.g’l, and subjected to the statistical tests (the OVL-1, OVL-2, Welch t, F', Mann-Whitney U, and Cramér-
von Mises test) to verify the null hypothesis H : Iy = Iy with 95% confidence interval. This trial was repeated
20000 times independently for each n € {227 237 el 212}, and the statistical power of each test was evaluated.
Note that Normaly 1 has mean 0 and variance 1, while Normaly o 1 has mean 0.2 and variance 1.

5. Conclusion. Based on the OVL estimation, we have devised a novel statistical frame-
work for two-sample testing: the OVL-q (¢ € N, ), which can be regarded as a natural ex-
tension of the Smirnov test (since the OVL-1 is equivalent to the Smirnov test). We have
explained and implemented the algorithms for the OVL-q (in particular, the fast OVL-2 algo-
rithm). Furthermore, we have demonstrated the superiority of the OVL-2 over conventional
statistical tests in some experiments.

One limitation is that we are currently unable to rapidly perform the OVL-2 if m # n or
the OVL-q if ¢ > 3. To overcome this, we should explore the possibility of expanding fast and
exact algorithms for the OVL-q, or should investigate the asymptotic distribution of pg . n
(as m,n — 00) to approximate the OVL-q in future works. The treatment of ties (which may
occurin Q '\ Qif Fy or F is practically discontinuous) is also an important topic of research.
In addition, it is meaningful to further evaluate the statistical power of the OVL-q both in
simulations and in real observations.

6. Proof for Theorem 2.6.

DEFINITION 6.1. In the setting of Definition 2.4, we say that {{;} converges completely
to € if

Y P{weQ:d(&G(w),E(w)) >€}) <oo

i=1

for any € > 0.
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REMARK 6.2. (See [5] for reference.) It is well known that {£;} converges almost surely
to ¢ if and only if

[—00

lim P (U {weQ:d(&w),E(w)) > e}> =0

i=l
for any € > 0. Note that if {£;} converges completely to £, then {&;} converges almost surely

to .

THEOREM 6.3. (The Glivenko-Cantelli theorem. See [9, Theorem A, Section 2.1.4] for
the proof.) As m — oo and n — oo,

sup [Fom(2) — Fo(z),  sup|Fip(z) — Fi(2)]
z€R zeR
converge completely to 0, respectively.

LEMMA 6.4. (See [6, Lemma A.12] for the proof.) If x,y, z,w € R, then

@ |max{z,y} —max{zw}| < |z — 2|+ |y — v
() |min{z,y} —min {z,w}| < |z — 2| + |y — wl.

>

In accordance with Theorem 2.6, let Fy and F) be differentiable on R with continuous
derivatives fo and f1, respectively, #C’(fo, f1) < oo, C(fo, f1) = {c1,...,cn} with ¢ <
e <cen,e=(c1,...,0N), g = —00, and cy 41 = 00.

REMARK 6.5. Tt follows from (5) and Definition 2.2 that r(c) = p.

DEFINITION 6.6. For g € N, define

V, = argmin r(v),
veERL

Vg,m,n = argmin ry, ,(v),
veRL

Co={(cirs--sci,): 1< <+ <ig< N}

REMARK 6.7. It follows from (4), Theorems 6.9 and 6.13, and Corollary 6.12 that V,, # ()
and V, . # 0 for all ¢ € Ny It is obvious that Cy = {c} and C; =0 if ¢ > N.

LEMMA 6.8. Suppose ¢ € N4, v = (vl,...,vq) € Rq<, vg = —00, and Vg1 = oo. If
v; < €5 < Vi1 for some i €{0,...,q} and s € {1,...,N}, then r(v) > p.

PROOEF. Since #C'(fo, f1) < oo, there is an open interval U C (v;,v;41) with U N
C'(fo, f1) = {cs}, so that [fo(a) — f1(a)][fo(b) — f1(b)] <0 forall a,b € U with a < ¢s < b.
Now fix such a and b. Without loss of generality, we assume that fy(a) < fi(a) and

fo(b) > f1(b). If Fy|oi+" < Fy |5+, then
r(v) —p

B -; <mm { / fole) da, / filx) d:n} - /  in {fola), u (o) d;C)

7 J J

> min { / fofe) da. " @) d:c} -/ T i (o), f1(2)} da
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:/kam—mmummﬁmmdx

b

2/(%@0—ﬁ@»d$

> 0.

s B

We can similarly prove that r(v) — p > 0 if Fp A O

THEOREM 6.9.  The minimum of v on RY is p, which is uniquely attained at c.

PROOF. If v = (vy,...,uN) € Rg with v # ¢, then ¢5 ¢ {v1,...,un} for some s, hence
v; < ¢s < v;+1 for some ¢ as in the assumption of Lemma 6.8, so that r(v) > p = r(c) (note
Remark 6.5). ]

THEOREM 6.10. Ifge{l,...,N — 1} and v € RL, then r(v) > r(c).

PROOF. Since g < N, ¢s ¢ {v1,...,v,} for some s. The proof is similar as that of Theo-
rem 6.9. a

THEOREM 6.11. Ifq€{1,...,N — 1}, then for any v = (v1,...,v,) € RL, there exists
w=(cj,...,c;,) with1 < jy <--- < j, <N such that r(w) < r(v). -

PROOF. Let v = (v1,...,v,) € RL, vy = —00, v441 = o0, and

n(w)=#{ic{l,....q}:vi € C(fo, f1)}-

The statement obviously holds when 7(v) = 0. Hence suppose 1(v) > 0. Then we can choose
i€{l,....,qtand s € {1,..., N} satisfying cs_1 < v; < ¢s <011 0r v;—1 < ¢5 < V; < Cs41-
We will only prove the case cs—1 < v; < ¢s < v;41, as the other is similar. Without loss of

generality, we may assume that fy < fi on (cs_1,¢,), so that Fo| < F1[¢gi  and Fpl§: <
Fy|§e, since #C'(fo, f1) < oo. In the following, we consider the cases (I) Fyi: < Fi[) |
and (Il) Foly: | > Fily .
Vi Vi
(D) Suppose Foly: | < Fi|, . Then
FO 161371 < Fl 1613717
File =Flie —Eli (G=0.1),
hence
min Fjly;_, +min e = Fol,;, +min (F[; = Fjl;)
j j j
= Rfs, + Rl +min (B3 = Fy5)
< Foly;, + Folo; + min Fyf, = — Fofy;
=Fy zzfl + min Fj zi“
J

— 3 |V 3 | Vit1
—IIlJlnF} Vi—1 +InjlnF] vi
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and setting v’ = (v1,...,0i—1,Cs, Vit1,...,0) € RL results in n(v') < n(v) and r(v') <
r(v). B

(ID) Suppose Folyi | > Fi
v; and Fyly:~! > Fily-). (Il-i) First consider the case Foylv."' < Fy
Fi|e*!, hence

i .Since fy < f1on(cs_1,cs), we cansee that v;_; < c;_1 <
vt Then Fylet™) <

Vit1
Cs—1 Fl

Cs—
vi—i + FO

: |Cs—1 : X Vit+1
Hljln FJ Vi—1 + m]m F’] Cs—1

<k

Cs—
vi—i + FO

Vi
Cs—1 + FO

Vit+1
Vi

Cs— Vi
vi—i + Fl Cs—1 + FO

Vit+1
Vi

=5

Vi
Vi—1 + FO

Vit1
Vi

= min Fyf%, +min {2,
and setting v’ = (v1,...,Vi—1,Cs—1,Vit1,---,q) € RL results in n(v') < n(v) and r(v') <
r(v). (Il-i) Next consider the case Fply"™" > Fi|o.*". (Il-i-a) If there is x € (cs_1,v;)

such that Fyl;'"' < Fy|3'™", then Fp|% | > Fy|% _, hence the case (II-i) applies to v” =
(V153 Vi1, 8, Vi1, - -+, V) € RE, where 7(v”) = n(v) and
r(") —r(v) = min Filg,_, + min F N min F S min F ot
— F1 ii—l + FO g'H»l _ F1 g:,l _ Fl Ziﬂ
S F1|:5¢71 —|—F1 gi+1 _ F1 3271 _ Fl zzﬂ
=0.
(I-ii-b) If Fy|3' ™" > Fy|o'** for any g: € (cs_1,v;), then Fylet: > Fy|eit!, and setting v’ =
(U1, Vi1, Cs—1,Vig1, .-, Uq) € RZ results in n(v') <n(v) and
r(v) = r(v) = min F|7 + min B[ —min 7| — min |
=Ry +Rle - Rl - Rl
=0.
Taken together, for any v € RL with 7(v) > 0, there exists v € RZ such that n(v") < 7(v)
and r(v') < r(v). The statement follows by induction. O

COROLLARY 6.12. If g€ {1,...,N — 1}, then there exists ¢’ € Cy such that r(c') =
inf {r(v): v € RL}. Furthermore, r(c') > r(c).

PROOF. Since there are only finitely many choices for w € RZ in Theorem 6.11, we
can choose w’ = (¢;,,...,¢;,) € argmin,, r(w), where w ranges over the choices. Then
r(w') < r(v) for all v € RL. Suppose w’ ¢ Cy and put A = {¢;,,...,¢;,}. Then #4 < q,
and there exists A’ = {cj,,... ,¢j,} such that AC A" and 1 < j; < --- < j, < N. Putting
¢ =(cj,,...,¢j,), we have ¢’ € C; and r(c’) < r(w') by definition. Hence r(c') = r(w') =
min {r(v) : v € RL}. Furthermore, r(c’) > r(c) by Theorem 6.10. O

THEOREM 6.13. Forq=N +1,N +2,..., the minimum of r on RL is p.

PROOF. Since {ci,...,cn} C {v1,...,v4} implies 7(c) = r(v1,...,v,q), the claim fol-
lows by Remark 6.5 and Lemma 6.8. O



14

REMARK 6.14.  Forsome g € {1,..., N —1}, v € V, does not necessarily imply v € C,.
(Note that Vy = Cy = {c} by Theorem 6.9 and Cy 1 = Cni2 = --- = ().) Here we give an
example for the case where N =3, ¢ = 2, and Vs, ¢ Cy. Assume that fy and f; are defined
by

4m
0 (otherwise),

fo(z) = fi(z) =

I=cose () <z < 4nm),
0 (otherwise).

{Hf% (m <ax <bm),
Then (37/2,11) is in Vo but notin Co = {(37/2,57/2), (37 /2,77 /2), (57 /2,77 /2)}. (Note
that 77/2 =10.995... < 11.)

THEOREM 6.15.  For q € Ny, supyepe [rm,n(v) —7(v)| converges almost surely to 0 as
m,n — OQ. N

PROOF. For v € RL, we have

P () = 7(0)]| Y min { Fy [0, Fin |5} — min { Folg, B[y}

)

1M

2

Vit+1
Vi

<

+‘Fl,n

V; Vi
(‘Fo’m vt Tl

q
Vi
U1'+1 - Fl
=0

by definition and Lemma 6.4. Since

[Fomlze = Foltee*| < 1Fom(visn) = Folwisn)| + [ Fo,m(v) — Fo(wy)
< 2sup|Fom(x) — Fo(z)|,
rER
[Pl = Rl | < IFn(in) = Fi(i)] + Fia(os) = Fa ()]
< 2sup | Py (z) — Fi (2)],
rER
we obtain
Sup [P (v) — r(v)] <2(q + 1) (sup Fom (@) — Fo()| + sup | Fin(e) — F1<x>|) ,
vER"S TER TER

whose right side converges almost surely to 0 as m,n — oo by Remark 6.2 and Theorem 6.3.
O

The measurability of sup,cpe [7m,n(v) —(v)| on €2 can be proved by the same argument
as in Remark 2.3. B

DEFINITION 6.16. Let (A,d) be a metric space. We define a discrepancy of A; C A
from Ay C A by

D(Ay,Az) = sup < inf d(al,a2)>.

a1€A1 azeAz

If the metric space is R? (¢ € N..) with the Euclidean metric, we write D, in place of D.
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LEMMA 6.17. Let (A,d) be a metric space. Let g and g; ; (i,j € N ) be real functions
on A such that min{g(t) : t € A} and min{g; ;(t) : t € A} exist. Put T = argmin,¢ 4 g(t)
and T; ; = argmin,c 4 g; ;(t). Suppose g is continuous on A, sup,e 4 |9i,;(t) — g(t)| = 0 as
i,J — 00, and there is a compact set K C A such that

min{g(t):t € A} <inf{g(t): t€ A\ K}.

Then D(T; ;,T) — 0 as i,j — oc.

PROOF. If T' = argmaxc 4 (—g(t)) and T} ; = argmax;c 4 (—gi,j(t)), then T" =T and

TZ-’J- =T; j, hence D(T;;,T) = D(Ti’J,T’) — 0 by [6, Lemma A.15] (replace g and g; with

—g and —g; ;, respectively). U
LEMMA 6.18. There exists a compact set K C RJSV such that
min {r(v) :vGRg} <inf{r('v):v€R]SV\K}.
PROOF. By Theorem 6.9 and Corollary 6.12, there exist
Mq:min{r(v):veRqS} (g=1...,N)

and M =min{M,,...,My_1} > My. Choose € > 0 with € < (M — My)/3. We can take
a, 3 € R with o <  such that Fj(«) < e and 1 — F;(5) < € (j =0, 1), since F}; are nonde-
creasing functions with lim,_, o, Fj(z) = 0 and lim, o Fj(z) = 1. Let K = [o, BV NRY
and v = (vy,...,v5) € RY \ K. Then v; < o or vy > 3 holds.

Suppose v1 < a and put v’ = (vg, ..., vy). Using Lemma 6.4, we obtain

|r(v) —r(v)| =

: |1 3 V2 : | V2
min Fj|% +min Fjl,} — min Fyl_oo‘

<

: |1 3 V2 i .| V2
mij}\_oo‘Jr‘mij}!vl min Fj[Zo,

< et |Foliz = Rl | + |F1liz = Fi|

<]
:e+‘Fo|7iloo(+(F1 ’iloo(
< 3e.

Hence M < r(v') < |r(v') — r(v)| + r(v) < 3¢ + r(v). We can similarly prove that M <
3e + r(v) for the case vy > [.
Therefore M < 3¢+ r(v) forall v € RJSV \ K, so that
MN<M—3e§inf{r('v):v€R]SV\K}
holds. This is the claim. O

THEOREM 6.19.  As m,n — 00, DN (VN,m,n, VN) converges almost surely to 0.

PROOF. In Lemma 6.17, let (A,d) be the subspace RY of the Euclidean metric space
RY, g = r (which is continuous on R¥), and g; ; = r; ;. Then by Remark 6.7, Theo-
rem 6.15, and Lemma 6.18, the assumptions in Lemma 6.17 are satisfied almost surely, hence
DN (VN,mn, V) converges almost surely to 0 as m,n — oo. O
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The measurability of D (Vn, m n, V) Will be proved at the end of this section.
COROLLARY 6.20. As m,n — 00, Uy.n € VN,m,n converges almost surely to c.

PROOF. Since Vy = {c} by Theorem 6.9, we have

DN(VNmn,VN)= sup d(v,c)>d(vmn,c).
’UEVN,m,n

Hence the claim follows from Theorem 6.19. O
We cannot guarantee that v,, ,, is necessarily measurable. We mean by “v,, ,, converges
almost surely to ¢” that there exists a measurable set A C {w € Q : limy, 00 Vi, = €} With

P(A) =1.1In fact, we can take A = {w € Q : limy;, 00 DN(VN,mn, V) = 0} If (2,2, P)
is complete, we have P({w € Q : limy;, p—y00 Um,n = ¢}) = 1.

THEOREM 6.21. As m,n — 00, pN,m,n converges almost surely to p.

PROOF. Let v, , = (vi,...,UN) € VN,mn, Vo = —00, and vy 11 = co. By Definition 2.2,
Lemma 6.4, and Theorem 6.9, we have

|pNmn = Pl = [Pmn (Vmn) —1(c)|

N
<3 ([Fomlert = Bolecr| + [Pl = File]).
=0
where
Fomlott — Folgt | = |Fom (vig1) — Fom(vi) — Fo(cip1) + Fo(es)|
<|Fo,m(vit1) — Fo(vig1)| + | Fo(vigr) — Fo(cip1)]
+ [Fo.m(vi) — Fo(vi)| + [Fo(vi) — Fo(ci)]
and
Fyplpitt = Fat | = [ Fin(vie) — Fun(vi) — Fi(civ) + Fi(e)|

<|Fp(vier) — Fi(viq)] + [Fi(vig1) — Fi(ei)|
+ [Fin(vi) — Fi(vi)| + [Fi(v;) — Fi(ei)]

Now recall that we are considering the probability space (2,2, P). By Remark 6.2 and The-
orem 6.3, there exists A; € 2 with P(A;) = 1 such that for each w € Ay,

sup | Fo,m(z) — Fo(z)| = 0, sup | Fin(z) — Fi(z)] =0
z€eR z€R
as m,n — oo. Since Fj and F are continuous on R and vy, , = (v1,...,vn) — ¢ almost

surely as m,n — oo by Corollary 6.20, there exists Ay € 2 with P(A3) = 1 such that for
each w € A,,

as m,n — oo. Put A = A; N Ay. Then P(A) = 1. For each w € A and for any € > 0, there
exist integers N1 (w), Na(w) such that m,n > Nj(w) implies

sup | Fo,m (z) — Fo(z)| <, sup | Fin(z) — Fi(z)] <e
TER z€R
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and m,n > No(w) implies
‘Fk(vl)_Fk(CZ)‘<e (k:071722177N)7
hence m,n > N(w) = max {Ni(w), Na(w)} implies

Vit1 Cit1
FO,mh;f _Fo‘c:+

+ ‘Flnlz*l — Fp[gt| < 8e

for i =0,..., N, and therefore

N
|oNmn (W) — p| < 286 =8(N + 1)e.
i=0
Since € was arbitrary, pn m,, » — p almost surely as m,n — oo. O

Note that Theorem 6.21 is exactly Theorem 2.6.
Hereafter, we prove that D (Vn m n, Vi) is measurable on €2 (related to Theorem 6.19).

DEFINITION 6.22. Let {(Z1,71),-- -+ (Zm+n,Ym+n)} = {(X1,0),...,(Xm,0),(¥Y1,1),
oy (Y, )} with 2y <o < Zpq and 1 + oo+ + Ygn =1, T be the set of tuples

(t1,...,t;) of positive integers with ¢; + --- + t; = m + n, RZL:”L ) the set of real m + n-

tuples (V1,...,Uman) With 0] = - =0y, < V41 =+ = Vg, < -++ < Vpyokty 1 4+1 =
o= Umgns and Sy, ) = {0,111/ ~ x - x {0,1}1/ ~, where {0,1}"/ ~ denotes the
t-th symmetric product of {0,1}. Fort € T and s € S, let Qs ={w € Q: (Z1,..., Zm+n) €
R;”Jr"}, Qs ={we % :(71,...,Ym+n) corresponds to s}. Put Iy = (—o0,Z;) and [; =
[Zi, Zi+1) for i =1,...,m + n where Z,, 1,11 = co. Denote by J the set of N-tuples
(j1,--.,jn) of integers with 0 < j; < --- < jy < m + n. For (j1...,jn) € J, define
I(jh---JN) = (Ijl X X IjN) n RJSV

REMARK 6.23. Since R}"™" are measurable and pairwise disjoint for ¢ € T, so are Q.
In addition, R”*" = |, Ry"™" implies that Q = [ J;o Q¢, where € equals the disjoint
union of )¢ s € A over s € S;. Besides, for any ¢ € T, there exists a nonempty set J C J
such that, on the event €2¢, RY equals the disjoint union of I (# 0) over j € J;.

Fort € T and s € &, consider the event € 5. Then 7, ,, is constant on I; for any 7 € J;,
since it depends only on the rank statistics of X,..., X,,,Y1,...,Y,. Furthermore, there
exists a nonempty set J¢ s C J¢ such that Vi, ,, = arg minveRg Tm,n (V) equals the disjoint
union of I (# 0) over j € T s. .

THEOREM 6.24. Dy (VN.m.n, VN) is measurable on (.

PROOF. Let t € 7 and s € &;. Since €) equals the disjoint union of € ; € 2 over t €
T and s € S¢ by Remark 6.23, it suffices to prove the measurability of Dx(VN,mn, VN)
on each € 5. In the rest of the proof, we restrict Dy (VN mn, VN) to € s, Which gives
DN(VN,m,rw VN) = MaXje7, , DN([]'7 {C})

If there exists j = (j1,...,Jn) € Jt,s such that j; =0 or jy = m + n, then I; =
((—00, Z1) x Ijy x - x ) NRY or Ij = (I;; x ++ x Ljy , X [Zmin,00)) NRY, s0
that Dy (VN m,n, VN) = oo (the measurability is obvious).

Next, let j = (ji,...,jn) € Jp,s With 1 < j; <--- < jy <m + n — 1. Then the clo-
sure I; of I; equals ([Z},, Zj,+1] X =+ X [Zjy+ Ziy+1]) NREY. Since I; # 0, we have Z;, <
Zj1+17---;ZjN < ijv+1' Put VJ = {(’Ul,...,’l)N) S [j S {Zj“Zji,-i-l} for i = 1,...,N}.

We can see that [; is the convex hull of the finite vertex set V, so that SUD,cT; d(v,c) =
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maxycy; d(v,c) since I; D V; by definition and the closed ball with center ¢ and ra-
dius maxycy; d(v, ¢) contains I;. Noting that SUPyey, d(v,€) = SUD,, 77 d(v,c), we obtain
Dy (I,{c}) = maxyey, d(v, c). Since d(v, c) for each v € V; is obviously measurable on
Q¢ s, Dn(Ij,{c}) and also Dn(VN,mn, VN) are measurable on g . O

7. Proof for Theorem 3.9. Here we assume the same setting as in Section 3.2. We de-
note by R[z]| and R[[z]] the rings of polynomials and formal power series in x over a ring R,

respectively.

DEFINITION 7.1.  For v € I'y, . (k € N), define

0(1) = No(¥0:) = N1(70:4) (i=0,...,2k),
ey (35 7) = 105 (0)] + [0 (2) = 35 (5)] + 164 (5)] (1, =0,...,2k).
Note that 6~ (0) = d~(2k) =0,
(14) o (D) =k (Fon(i) = Fia())  (>0),
and
(15) dy(i,7) = dy (j,9)
by definition.

LEMMA 7.2. Forally €T, ,,

1
p2(7) 5 Oggié%dv(h,m)

PROOF. Let us put
2

Sy (j1,j2) = > max {Fo,q\;-?l,Fm\;z“} (0<j1 <j2<2n),
i=0

where jo =0, j3 = 2n. Then
g’)’(jlujQ) +?’7(j17j2)

2
= Z (max {1/7\0,y
=0
2

=3 (Rt + Fuofi)
=0

Jit1
Ji 7F1,'y

ji+1 : -
i } + min {FO,,y

Jit1
Ji ’FL’Y

]:¢+1
Ji

=2.
On the other hand, by (14),

S~y (j1,92) — (41, J2)

ji+1
Ji

2
_ E o Jitr 1 Jit . 5o Jivr
=0
2
_ D [JJir T (Jigt
=Y R, = Fial)
Ji Ji
=0
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2
1 ) .
= n Z |5’Y(Ji+1) - 57(Ji)|
i=0
d’)’(j17j2)
—

Hence we have
Ty (J1,02) =1 —
so that
0<7j1<j2<2n

max
2n 0<j,<j<2n

,J2)

d (1
on

p2(v)= _min__ 74(j1,J2)

d~(j1,72)

1 .
=1—— max_dy(Jj1,J2)

2N 0<j1,j2<2n
by (15).

DEFINITION 7.3.  For v € I'y ;. (k € N), define

5, = (i 5. = min 0(i).
v = max, ~(), 9y [nin ~(7)

Note that 6., <0 < - since ,(0) = 0.

LEMMA 7.4. Forally €Ty,

25, 00 =20, )
PROOF. Denote §;; = max {d(i),6(j)} and Onyi

5w,i,j +éﬂy,i,j = 57(i) + 5’7@) and 5w,i,j - é»y,i,j = ’57(1) - 570)‘-

If 0 (i) > 0 and 64(j) > 0, then

Ay (i,7) = 0 (1) + 05 (5) + |04

() = 5 (4]

= Onyyij F Onyij F Omsij — Oy i
=26~/

< 26,

= 2(3‘7 a é’v)

If 6, (i) < 0 and 6, (j) < 0, then

do (4, §) = —0~(2) = 05/(J) + |64 (8) — 64 (5]
- (3777:7-]‘ + éﬂ}/’i’j) + Sﬁy’i%j - é77i7j

=20,

~20,

< 2(3’7 _é'y)'

IN
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= min {d4(#),0,(j)}. Note that
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If 0(7)d~(j) <0, then
dry (i, 5) = 2|64 (i) — 65(5)|
<2(8y —9,).

Taken together, we have d. (i, j) < 2(0, —d.,) in general. On the other hand, if & (i) = d
and d(j) = ., then

d’v(i,j) = ‘3’7‘ + B’Y _é’y| + ‘éw‘
:5’7+ (37 _é'y) _é'v

=2(6y—d,).
This completes the proof. O
THEOREM 7.5. Forally €T,
—~ 3’7 - éﬂy
p2(y)=1- -
PrOOF. This follows immediately from Lemmas 7.2 and 7.4. U

The following arguments (from Definition 7.6 to Theorem 7.15) refer to [3, Section I].

DEFINITION 7.6. A combinatorial class is a set A on which a size function |-|: A — N
is defined so that {« € A : |a| = k} is finite for all k£ € N. Unless confusion arises, we simply
say a class instead of a combinatorial class.

Any subset B C A is also a class with its size function defined as in A. The counting
sequence {ay} of A is defined by

ap, =#{a € A:|a| =k} (keN),
and the ordinary generating function (OGF) A(x) € Z[[z]] of A is by

A(z) = Z apz®.
k=0

DEFINITION 7.7. Let A and B be two classes. A map ¢ : A — B is called a homomor-
phism between A and B if || = |¢(«)| for all € A. If, in addition, ¢ is bijective, then we
call ¢ an isomorphism, say that A and B are isomorphic, or write A = B.

REMARK 7.8. Let A and B be two classes, {a;} and {by} their counting sequences,
and A(x) and B(z) their OGFs, respectively. We can easily see that the following three
statements are equivalent:

1. A=B.
2. ap = b forall kK € N.
3. A(xz) = B(x).

DEFINITION 7.9. The neutral class £ and the atomic class Z are classes with #& =
#Z=1,lg|=0(E€f),and [(|=1(C € 2).

REMARK 7.10. The OGFs of £ and Z are 1 and z in Z|[[x]], respectively.
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DEFINITION 7.11.  Let {4;} be a set of classes, where 7 runs over some index set I. If
B={(i,a) 1€, a e A} is also a class with its size function defined by |(i, )| = |a/,
then we call B the combinatorial sum (or simply the sum) of { A;} and write B = |,.; A;. In
particular, if I = {1,...,k}, then B is always a class, and we may write B=A; + --- + A.

DEFINITION 7.12. The Cartesian product (or simply the product) A1 x --- x A of k
classes Aq,..., Ay is the class {(aq,...,ax) : aq € Ayq,...,ax € A} whose size function
is defined by [(aq,...,ap)| = |aq| + -+ - + |ag].

For a class A and k € N, we may write A* instead of A x --- x A (k times). Let A" =
& ={e}. If a class B =| ],y A" exists, then we call B a sequence class of A, and write

B =SEQ(A).

REMARK 7.13. If Aj(x),..., Ax(x) are the OGFs of classes Aj,. .., A, respectively,
then the OGFs of Ay + ... + A and A; X --- x A are Aj(x) + -+ + Ag(z) and
Ai(z)- - Ag(x), respectively.

THEOREM 7.14. (See [3, Section 1.2.1] for reference.) Let {a; } be the counting sequence
of a class A. Then SEQ(.A) exists if and only if ag = 0.

THEOREM 7.15.  (See [3, Section .2.2, Theorem I.1] for the proof.) Let A(x) be the OGF
of a class A and assume that SEQ(.A) exists. Then the OGF of SEQ(A) is 1/(1 — A(x)).

DEFINITION 7.16. Define a class G by

o0
G={Jmi
=0

V=i  (veTl).
For k,l e N, let Gy, ={v€G: -k <4, 57 <} and Gy (x) be the OGF of G ;. For
~¥=(m,...,72i) € [i; (i > 1), define
AT(y) = (0,71, -,72i,1) € Dignig,
A(Y) =Ly, 5726,0) € Dig g

Put A\*(e) = (0,1) € I'; 1 and A~ (e) = (1,0) € 'y 1 for e € Iy o. Note that AT and A\~ are
injective on G.

LEMMA 7.17. Forany H C G, H X Z= AT (H) =X~ (H).

PROOE. Since |(7,¢)| = |v|+[¢| = |7]+1= | T(y)| forall (v,¢) € H x Z, the bijection
vt H x Z — XT(H) defined by v (v,¢) = A" () is a homomorphism, hence H x Z =
AT(H). Similarly, the bijection v~ : H x Z — A\~ (H) defined by v~ (v,{) = A" (y) is a
homomorphism, hence H x Z = X\~ (H). O

COROLLARY 7.18. If H(z) is the OGF of H C G, then the OGFs of A\t (H) and A\~ (H)
are both equal to xH (x).

PROOF. By Remark 7.8 and Lemma 7.17, the OGFs of AT (H) and A~ (H) are equal to
that of H x Z, which equals x H (x) by Remarks 7.10 and 7.13. O
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LEMMA 7.19. Forall k,l €N, Gr110= SEQ(A\ (Gk0)), Go141 = SEQ(AT(Goy)), and
Grv1,041 = SEQ(A™ (Gr,0) + AT (Goy))-

PROOF. Define a map o : G110 — SEQ(A"(Grp)) by o(e) = (0,e) where € € £ =
(A7 (Gr,0))°, and by

o) = (1 Vi Vi) (VETisi21)

where {jo,...,jp} ={j €{0,...,2i} : 0(j) =0} and 0 = jp < --- < j, = 2i. It follows
from definition that o is bijective and |o(7y)| = || for all 7y € Gy 1 0, so that o is an isomor-
phism, i.e., Gx41.0 = SEQ(A(Gk,0)). We can similarly show that Gy ;11 = SEQ(AT(Go,))

and Gr41.041 = SEQ(A™ (Gr0) + A¥ (Goa)). O
LEMMA 7.20. Forall k,l € N,
(16) Qrs1(2)Qui1(z) — 2°Qp1 (2) Qi1 () = Qrgira (2),
PROOF. Since Q2(z) = Q1(z) — 2Qo(x) =1 — z by Definition 3.8, we have
Qr+1(2)Q2(z) = Qr41(x) — ﬂka+1( )
= Qr+1(2) — 2(Qr(z) — 2Qp-1(x))
= Qr+1(7) — 2Qp(z) + 2°Qp—1 ()
(17) = Qr+2(2) +2° Q-1 ()
= Qr42() + *Qr—1(2)Qo (),

hence (16) holds for [ = 1. We also have
Qi+1(2)Q3(2) = Qr+1(2)(Q2(2) — 2Q1(2))
= Qp+1(2)Q2(2) — 2Qp+1(2)
= Qry2(2) + 2°Qp 1 (2) — 2Qp 11 (v)
= Qpr3(x) + 2°Qr—1(x)
()

= Qr+3(7) + 2°Qp—1(2) Q1 (2)

by (17), hence (16) holds for [ = 2.
By Definition 3.8, we have Q, () = RQ;(x) for all j € N, where

Qi(x) ) < 0 1)
. = 5 R == .
Qz(:n) <QH_1((L') —r1
If (16) holds for  =¢ € N and [ =i + 1, or equivalently

Qr+1(2) Q41 () — 332Qk—1($)Qi—1(33) = Qi1 ()
holds, then
Qri1(2)Q,2(x) — ¥°Qp1(2)Q; ()
= Qi11(2)RQ 41 (2) — 2?Qp1(2) RQ,_; (v)
= R(Qp+1(2) Qi1 (2) — 332Qk—1(5’3)Qi—1($))
=RQp i1 (2)

= Qprit2(T),
hence (16) holds for [ = i + 2. The claim follows by induction. O
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LEMMA 7.21. Forallk €N,
Y Qi@)Qk—i1(x) = —Q 41 ().

0<i<k

PROOF. Define Q(z,t) € (Z[z])[[t]] as

=) Qu(x)t*
k=0
Since
Q(x,t) = Qo(x) + Qi (w t+ZQk ,
tQ(x,t) = Qo()t + Z Qr—1(2)t",
k=2
et?Q(x,t) =z Z Qk_g(x)tk,
k=2

we have

(1—t+at*)Q(x,t) = Qo(x) + Qi ()t — Qo(w)t
+Z Qk(x) = Qr-1(2) + 2Qp—2(2))t*

=1
by Definition 3.8, hence
1
1 =
(18) Q)= 1o
Therefore
o0
9] t2
")tk = = = =
kZ_OQ’“(x) gz 2(@t) (1—t+at2)2
o0
= —t2(Q($,t))2 = — Z < Z Ql(a})Qk_Z_l(J})> tk+1,
k=0 \0<i<k
which implies the claim. U

PROPOSITION 7.22. Forall k € N,

Qr()
Qr1(z)

PROOF. Since G o(z) =1=Qo(z)/Q1(x), (19) holds for k = 0.
Suppose (19) holds for some &k € N. Since Gy 11,0 = SEQ(A™ (Gk,0)) by Lemma 7.19, we
have

(19) Gro(r) =Gop(x) =

1 _ Qr+1(x) _ Qr+1()
1—2Gro(z)  Qri1(r) —2Qr(x)  Qriz(w)

Gryr,0(z) =
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by Definition 3.8, Theorem 7.15, and Corollary 7.18. Similarly, since G j+1 = SEQ(AT (Go 1))
by Lemma 7.19, we obtain

Qrt1(z)
G r)=—"—"7-.
O,k-i-l( ) Qk+2(x)
Therefore, (19) holds for £ + 1 in place of &, and the proof is complete. O

PROPOSITION 7.23. Forall k,l € N,

Qr(z)Qi(z)
Crile) = Qryi1(2)

PROOF. If k=0 or [ = 0, then (20) holds by Proposition 7.22.
Suppose k> 1 and [ > 1. Since Gi; = SEQ(A™ (Gr—1,0) + AT(Go,4—1)) by Lemma 7.19,
we have

(20)

1
1 —2Gg-10(7) —2Go1-1()
by Remark 7.13, Theorem 7.15, and Corollary 7.18, where

Gr(x) =

by Proposition 7.22. Hence
Grale) = Lt
’ Qi(2)Qi(@) — 2Qr-1(2)Qi(z) — 2Qk(2)Qi-1(2)

_ Qr(2)Qu(x)
(@) = 2Qr-1(2))(Qu(z) — 2Qi-1(2)) — 22Qp—1(2)Qi—1(2)
_ Qr(2)Qi(x)
Qi1 (2) Qi (2) — 22Qp—1(2)Qr—1 ()
~ Qi(x)Qu(w)
 Qrria(x)

by Definition 3.8 and Lemma 7.20. O

PROPOSITION 7.24.  For k €N, the OGF of G, ={y € G : 3, — 8., < k} is

=~ - Q§c+1(5’3) B Q§c+2($)
Crlw) = Qr(r)  Qrei(x)

PROOF. Fori,j € N, let@]—{veg —i =0y 5 <]}andG”betheOGFOfgw.
Since 50] go,j,gz,]—gz 1, +g”1fz>1 and gk_|_|l Ogm ; by definition, we have

= Z éi,k_i(x)
=0
= Gor(z) + Z (Gig—i(r) = Gio1 g—i(T))

1<i<k+1

Z sz Zle‘l 1

0<i<k+1 0<i<k
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Qz Q Qk 1— 1( )
= 2 Qk—i—l -2 (x)

0<i<k+1 0<i<k

_ Q;~c+1($) B Q;c+2($)
Qr(®)  Qrs1(2)

by Remark 7.13, Lemma 7.21, and Proposition 7.23. O

THEOREM 7.25. Fork=0,...,n, we have

#{r et mm z1- 2=

2+1($) B Q;e+2(33)>
Qr(r)  Qryi(x) /)

PROOF. We have

_ k —
#{7€Fn,n:p2(7) Zl_ﬁ} :#{76Fn,n:5’y_éﬂy§k}

=#{v€Gy:|v|=n}
= [2")G ()

— [ Q;c-‘rl(x)_ ;€+2(‘T)
=l ]< Qr(z) Qk+1(33)>

by Theorem 7.5 and Proposition 7.24. O

Note that Theorem 7.25 is exactly Theorem 3.9.
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