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THE CLASSIFICATION OF THICK REPRESENTATIONS OF THE
SYMMETRIC GROUP

KAZUNORI NAKAMOTO, SHINGO OKUYAMA, AND YASUHIRO OMODA

ABSTRACT. We give the classification of thick representations and dense repre-
sentations of the symmetric group over a field of characteristic zero.

1. INTRODUCTION

Let V be a finite-dimensional vector space over a field k. For a group represen-
tation p : G — GL(V), we say that p is thick if for any subspaces V;, V3 of V' with
dimy, V; + dimy, Vo = dimy V, there exists g € G such that (p(g)V1) N Vo = 0. We
also say that p is dense if the exterior representation A" p : G — GL(A"V) is
irreducible for any 0 < m < dimy V' (Definition . If p is dense, then it is thick;
and if it is thick, then it is irreducible (Proposition [2.3)).

Regarding the classification problem of thick representations, in the case of finite-
dimensional irreducible representations over C of connected complex semi-simple Lie
groups, the notion of thickness fits well within the framework of weight theory and
the classification has been successfully achieved (Theorems [2.16], 2.17] [2.18] and [8]
Theorem 3.12]). In this paper, we discuss the classification of thick representations
and dense representations of the symmetric group over a field of characteristic zero,
a prototypical example among finite groups.

Let S,, be the symmetric group of degree n. For a partition A of n, we denote by V)
the irreducible representation of S, over a field of characteristic zero corresponding
to A. The main theorems of this paper are the following:

Theorem 1.1. For a finite-dimensional irreducible representation p of S, over a
field of characteristic zero, p is thick if and only if it is dense.

Theorem 1.2. Let K be a field of characteristic zero. The thick (or dense) repre-
sentations of the symmetric group S,, over K are those on the following list:

(1) the trivial representation Viny of S, forn > 1,
(2) the sign representation Viiny of Sy, forn > 2,
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) the standard representation Vi,_1,1y of S, formn > 3,

) the product of the standard and sign representation Vg n—2y of S, forn > 4,
) the 2-dimensional irreducible representation Viszy of Sy,
| (22)

3
4
5
6) the 5-dimensional irreducible representations Vigsy and V(g2 of Sg.

(
(
(
(

In [I1], we announced the main theorems, and the present paper is the detailed
version of [L1].

The classification of thick (or dense) representations can be extended in future
work to the classification of (7, j)-thick (or (4, j)-dense) representations of the sym-
metric group (for the definitions of (i, j)-thickness and (i, j)-denseness, see Defini-
tions and . This problem reduces to determining the thick diagram 7'(p) and
the dense diagram D(p) for each irreducible representation p of the symmetric group
(see Definitions . However, a detailed investigation is beyond the scope of the
present paper. Instead, we focus on the classification of thick representations and
dense representations of the symmetric group, and merely list several hints toward
a future determination of the thick diagram 7'(p) for each irreducible representation
p of the symmetric group; a more refined analysis is left for future work.

Throughout this paper, K denotes a field of characteristic zero. For a subset S of
a vector space V over K, we denote by (S) the subspace of V' spanned by S. For
a partition A of a positive integer n, let ‘A denote the conjugate partition to A. In
other words, ') is defined by interchanging the rows and columns of A as a Young
diagram.

The organization of this paper is as follows: in Section [2] we review thick repre-
sentations and dense representations. We also introduce the classification of thick
representations and dense representations over C of connected complex simple Lie
groups. In Section [3} we review Specht modules in order to treat irreducible rep-
resentations of the symmetric group concretely. In Section we classify dense
representations of the symmetric group. In Section |5 we give an outline of the
proof of Theorems[I.1]and [1.2] In Sections[6}[8] we divide the proof into three cases.
More precisely, Section @ is devoted to the case A = (my, ms), Section [7| to the case
A = (my, mg, m3), and Section |8 to the case A = (my,...,mg) with s > 4.

2. PRELIMINARIES

In this section, we review thick representations and dense representations. For de-
tails, see [7] and [8]. We also introduce the classification of thick representations and
dense representations over C of connected complex simple Lie groups. Throughout
this section, we assume that p : G — GL(V) is an n-dimensional representation of
a group G over a field k£ unless otherwise stated.

Definition 2.1 (|7, Definitions 2.1 and 2.3] and [8, Definitions 2.1 and 2.2]). Let
p: G — GL(V) be an n-dimensional representation of a group G over a field k.
We say that p is m-thick if for any subspaces Vi, V; of V' with dimy V; = m and
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dimy V5 = n — m, there exists g € G such that (p(g)Vi) N Vo = 0. If p is m-thick
for any 0 < m < n, then we say that p is thick. We also say that p is m-dense if
the exterior representation A" p : G — GL(A\™ V) is irreducible. If p is m-dense
for any 0 < m < n, then we say that p is dense.

Proposition 2.2 ([7, Proposition 2.6] and [8, Proposition 2.7]). For an n-dimensional
representation p : G — GL(V'), we have

m-thick <= (n — m)-thick,

m-dense <= (n — m)-dense.

Proposition 2.3 ([7, Proposition 2.7 and Corollary 2.8] and [§, Proposition 2.8
and Corollary 2.9]). For an n-dimensional representation p : G — GL(V) and
0 <m <n, we have

m-dense =—> m-thick

Y

1-dense <= 1-thick <= irreducible.

In particular,
dense = thick = irreducible.

Corollary 2.4 ([7, Corollary 2.9] and [8, Corollary 2.10]). For n < 3, we have
dense <= thick <= irreducible.

Notation 2.5. For a representation p : G — GL(V) of a group G, we sometimes
call V itself a representation of G. For a group homomorphism ¢ : G' — G, we
denote by ¢*V the representation po ¢ : G' — GL(V) of G'.

Let p: G — GL(V) be an n-dimensional representation of a group G over a field
k. For positive integers ¢ and j with ¢ + j = n, let us consider the G-equivariant
perfect pairing A'V @, AV -2 A"V = k. For a G-invariant subspace W of A"V,
put Wh:={ye NV |z Ay =0for any 2 € W}. Then W' is also G-invariant.
In particular, /\Z V' is irreducible if and only if so is /\j V.

Definition 2.6 ([7, Definition 2.10] and [§ Definition 2.11]). Let V be an n-
dimensional vector space over a field k. For a d-dimensional subspace V' of V
with 0 < d < n, we can consider a point [A? V'] in the projective space P(A*V). In
the sequel, we identify [A? V'] with a non-zero vector A°V’ € AV (which is de-
termined by [/\d V'] up to scalar) for simplicity. For a vector subspace W C /\d V,
we say that W is realizable if W contains a non-zero vector /\d V' obtained by a
d-dimensional subspace V' of V.

Proposition 2.7 ([7, Proposition 2.11] and [8, Proposition 2.12]). Let V' be an n-
dimensional representation of a group G. For 0 < m < n, V is not m-thick if and
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only if there exist G-invariant realizable subspaces Wi C A"V and Wy C A" "V
such that VVIL = Ws.

Definition 2.8 ([I0]). Let 0 < 4,5 < n. For an n-dimensional representation
p: G — GL(V), we say that p is (4, j)-thick if for any subspaces V1, Vs of V' with
dimy V; = i and dimy V5 = 7, there exists g € G such that (p(g)V1) NV = 0. Note
that if p is (4, j)-thick, then 0 < i+ j < n. For 0 < m < n, p is m-thick if and only if
it is (m,n —m)-thick. We also see that p is (i, j)-thick if and only if it is (7, 7)-thick.

Proposition 2.9 ([10]). If an n-dimensional representation p : G — GL(V) is
(1 + 1, j)-thick, then i+ j <n and p is (i, j)-thick.

Proof. The statement directly follows from the definition of (i, j)-thickness. O

The following proposition will be used in Sections [5}Hg]

Proposition 2.10 ([I0]). Let i and j be positive integers with i + j < n. Assume
that p : G — GL(V) is an n-dimensional representation that is not (i,7)-thick. If
min{i,j} < m < n —max{i,j} or max{i,j} < m < n —min{s,j}, then p is not
m-thick. In particular, p is not thick.

Proof. Suppose that p is not (i, j)-thick with i + j < n. There exist subspaces V;
and V5 of V' with dimg V; = ¢ and dimy Vo = j such that (p(g)V1) NV, # 0 for any
g € G. We may assume that ¢ = min{s, j} and j = max{i,j}. Fori <m <n —j,
choose subspaces V/ 2 V; and Vi O V; with dimy V/ = m and dim; Vj = n — m.
Then (p(g)V{)NV; # 0 for any g € G, which implies that p is not m-thick. We can
also prove the case j < m <n —i. OJ

Corollary 2.11. Let p : G — GL(V') be an n-dimensional representation of a group
G over a field k. Let i and j be positive integers with max{i, j} < g Assume that
p is not (i, j)-thick. Then p is not m-thick for any min{i, j} < m <n — min{i, j}.

Proof. If max{i, j} < g, then the union of {m € Z | min{i, j} < m <n—max{i,j}}

and {m € Z | max{i,j} < m <n —min{i,j}} coincides with {m € Z | min{i, j} <
m < n —min{i, j}}. The statement follows from Proposition [2.10] O

Although the notion of (i, j)-dense is not used in this paper, we include its defi-
nition here for reference.

Definition 2.12 ([I0]). Let 0 < 4,5 < n. For an n-dimensional representation
p: G — GL(V), we say that p is (i, j)-dense if W3 A Wy # 0 for any G-invariant
subspaces 0 # Wy C A"V and 0 # Wy € A’ V. Note that if p is (i, j)-dense, then
0<i+j<mn. For0<m<n,pism-dense if and only if it is (m,n — m)-dense.
We also see that p is (i, j)-dense if and only if it is (7, 4)-dense. We can also prove
that if p: G — GL(V) is (i + 1, j)-dense with i + j < n, then it is (4, j)-dense (for
details, see [10]).
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Remark 2.13 ([10]). We see that p : G — GL(V) is not (i, 7)-thick if and only if
there exist non-zero G-invariant realizable subspaces 0 # W C /\l Vand 0 # W, C
NV such that Wy A W, = 0. Hence, if p is (4, j)-dense, then it is (i, j)-thick.
Definition 2.14 ([I0]). For a positive integer n, set A(n) = {(i,j) € Z* | i,5 >
0 and i + 5 < n}. For an n-dimensional representation p : G — GL(V'), we define
the thick diagram T'(p) of p by

T(p) ={(i,7) € A(n) | pis (4, j)-thick}.
We also define the dense diagram D(p) of p by

D(p) = {(i,7) € A(n) | pis (i, j)-dense}.
It is easy to see that
{(1,0) [0 < <n}U{(0,5) |0 < j <n} € D(p) CT(p) C Aln).

We also see that p is thick (resp. dense) if and only if T'(p) = A(n) (resp. D(p) =
A(n)).

For (i,j) € A(n), we also set (i,7) = {(k,]) € A(n) | 0 < k <4,0 <

an n-dimensional representation p : G — GL(V), "T'(p) = T(p) and *D(p) = D(p).
We also see that (i,7) € T(p) (resp. (i,7) € D(p)), then (i,7) € T(p) (resp.
(i,7) € D(p)). In particular, if (7, j') € (i,) and p is not (¢, j')-thick, then p is not
(1, 7)-thick. For further properties of T'(p) and D(p), see [10].

The classification of thick representations was first successfully completed in the
case of connected semi-simple Lie groups over C. Let G be a connected semi-simple
Lie group over C. Let g,h, AT(C h*) be the Lie algebra of G, a Cartan subalgebra,
the set of positive roots, respectively. For a finite-dimensional representation p :
G — GL(V) over C, denote by W (V') the set of weights of V. We can regard W (V)
as a partially ordered set by using AT. We say that p : G — GL(V) is weight
multiplicity-free if the dimension of the y-eigenspace is 1 for any ¢ € W(V).

Theorem 2.16 ([8, Theorem 3.5]). For a connected semi-simple Lie group G over
C, a finite-dimensional irreducible representation p : G — GL(V') over C is thick
if and only if p is weight multiplicity-free and the weight poset W (V') is a totally
ordered set.

Theorem 2.17 ([8, Theorem 3.6]). The thick representations of connected complex
simple Lie groups are those on the following list:
(1) the trivial 1-dimensional representation for any groups,
(2) An (n21)
e the standard representation V- for A, (n > 1) with highest weight wy,
e the dual representation V* of V' for A, (n > 1) with highest weight w,,
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o the symmetric tensor S™(V)) (m > 2) of V' for Ay with highest weight
mwsi,

(3) B (n 2 2)

e the standard representation V' for B, (n > 2) with highest weight w,

e the spin representation for By with highest weight wo,
(4) Cn (n = 3)

e the standard representation V' for C,, (n > 3) with highest weight wy,
(5) G2

e the T7-dimensional representation V' for G5 with highest weight w;.

Theorem 2.18 ([8, Theorem 3.7]). The dense representations of connected complex
simple Lie groups are those on the following list:

(1) the trivial 1-dimensional representation for any groups,
(2) Ay (n > 1)
e the standard representation V' for A, (n > 1) with highest weight wy,
e the dual representation V* of V' for A, (n > 1) with highest weight w,,
o the symmetric tensor S*(V') of V' for Ay with highest weight 2w,
(3) Ba (n > 2)
e the standard representation V- for B, (n > 2) with highest weight w;.

Remark 2.19. Through the theorems above, we see that irreducible, thick, and
dense representations do not necessarily coincide. However, for the symmetric group,
thick representations and dense representations coincide by Theorem [1.1}]

By the following theorems, we cannot essentially obtain any new thick represen-
tations using A™, S™, or ®y.

Theorem 2.20 ([10] and [9, Theorems 11 and 12]). Let p : G — GL(V) be an
n-dimensional representation of a group G over a field k.

(1) If n > 4 and 2 < m < n — 2, then the exterior product \™V is not 3-thick
as a representation of G.

(2) If n > 3 and m > 2, then the symmetric tensor S™(V') is not 3-thick as a
representation of G.

Proof. Here, we prove only (). For the proof of (2)), see [I0]. Let {e1, e2,...,€e,} be
a basis of V over k. Then B ={e;;, Aeg, Ao Ney, |1 <iy <ig < - <ip <n}is
a basis of A" V. We define subsets S; and Sy of B by

Si={exANeaA---Newoy Aeg | i=m,m+1,m+ 2}
and
Sy = {e1NeaA - Aep_1Mepm, e1NeaN\ - Nepm_1N\emi1, 1NN Nem_aNemNemit},

respectively. Let W be the subspace of A\™ V spanned by S; and W, the subspace
of A"V spanned by B\ S,. Note that dimy, W) = 3 and dim Ws = (") — 3.

m
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Let us show that (p(g)W1)NWsy # 0 for any g € G. Setting z; = e;AeaA- - -Aep_1A
Emsi—1 € Wy for i = 1,2,3, we have W; = kx; @ kxy @ kxs. As in Definition

we denote by A*(p(g)W:) and /\(:L)_3 W, the non-zero vectors of A*(A™ V) and
/\(7@_3( A" V) defined by p(g)W; and Wy (up to scalar multiplication), respectively.
We may write A*(p(g)W1) = p(g)x1 A p(g)za A p(g)zs. For 1 <i < m + 2, we can
write

plg)e: = fi+ hi,

where f; € @Tzﬁlkej and h; € ®}_,,,ke;. Note that if some i; of {i1,iz,... i} C
{1,2,...,n} is larger than m + 1, then e;, Ae;, A--- Ae;,, € Wy, In particular,

p(g)xl - fl A f2 JANRERIVA fm—l A fm—l—i—l + w;
for i+ = 1,2, 3, where w; € W5. Then

3 (m)-3
Ap@W) AN\ Wa)
= (AN ANfmaa Afa) AMAA A foea A fons ) A(FL A A et A finga)
(m)-3
AN\ ).

On the other hand, since f1, fa, ..., fmy2 € & ke; and dimg (@7 ke;) = m + 1,

f1, fo, .-, fmao are linearly dependent in V. It is easy to see that
(fl/\/\fm—l/\fm)/\(fl/\/\fm—l/\fm-‘rl)/\(fl/\/\fm—l/\fm-‘rQ):O

in A*(A™ V). This implies that A*(p(g)W1) A (AU 3 Wy) = 0. Hence, (p(g)W1)N
Wy # 0 for any g € G. Therefore, A"V is not 3-thick. O

Theorem 2.21 (J10] and [9, Theorem 10]). Let V,W be G-modules over a field k.
If dimy V' > 2 and dimp W > 2, then V @i W is not 2-thick as a representation of
G.

Lemma 2.22 ([10]). Let ¢ : G" — G be a group homomorphism. Let p: G — GL(V)
be a finite-dimensional representation over a field k. If V is not thick (resp. not
dense), then neither is p*V. Moreover, if ¢ is a group isomorphism, then V is thick
(resp. dense) if and only if so is p*V.

Proof. The statement is immediate from the definitions of thickness and denseness.
O

Lemmas and will be used in Sections [6] and [7], and in Section [4] respec-
tively.
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Lemma 2.23. For 0 <r; <ry < [g} , the following inequality holds:

Proof. Since

ny _(n n! < n!
r) ~ \Ur ril(n—r)! = ral(n —ry)!

! — |
7! < (n—mrp)!
r! T (n—rp)!
(ro—r1)-terms (ro—r1)-terms
<:>;2(T2—1) ----- (T1+15§Zn—r1)(n—rl—1) -....(n_r2+15
and ro —k <n—ry —kfor 0 <k <ry—r; — 1, the inequality holds. O

Lemma 2.24. The following inequalities hold:

1) (Qm) > 9" (m>1),

m

2m+1
m

(2) > > 92mt (m > 2).

Proof. The inequality can be proved in the same way, so here we only prove ([2)).
Let us consider how to choose m elements from the set

X = {ala b17a27b27 e aa'mvbmvc}'

Since there are m-element subsets {; | 1 <i <m} (*x =a or b) and X; = {c} U{x; |
1<i<m,i#j} (1<j<m,*=aorb)of X, weobtain

(2m—|—1

)22m+m'2m—122m+1
m

for m > 2. This completes the proof. 0

3. REVIEW OF SPECHT MODULES

In this section, we review Specht modules (for details, see [12]). Since the irre-
ducible representations of the symmetric group can be treated concretely via Specht
modules, we complete the classification of thick representations of the symmetric

group in Sections [FH3]

Definition 3.1 (¢f. [4] and [I]). Let n be a positive integer. To each partition
A= (my,ma,...,mg)of nwithmy; >mg > -+ >mg >0and n = m;+mo+---+my,
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we associate a Young diagram as follows. For example, for A = (4,2,1), the Young
diagram is

We denote n = my +ma + - - -+ ms by |Al.

Definition 3.2 (c¢f. [4], [I], and [5]). For a partition A = (my,mo,...,ms) of n, a
Young tableau, or a A-tableau, is a tableau in which the entries are the numbers from
1 to n, each occurring once. A standard Young tableau, or a standard A-tableau, is a
Young tableau which satisfies

(1) strictly increasing across each row,
(2) strictly increasing down each column.

For example, for the partition A\ = (4,2,1) of 7 = 4 4+ 2 4 1, let us consider the
following Young tableaux

(@)

6]2] @ 516]

3
715
4

’\IOJH

(a) is a Young tableau, but not standard. (b) is a standard Young tableau. (Note
that the usage of the term A-tableau is slightly different from that in [12].)

Definition 3.3 ([12], pages 88-89]). Suppose that ay,...,a; € {1,2,...,n} occur in
the j-th column of the A-tableau y, with a; in the i-th row. We form the difference
product

A(Tgyyenoy Xa,) = H(l’a — Tq,)
1<J
if t > 1, and A(z,,) = 1 if t = 1. Multiplying these difference products for all
the columns of y, we obtain a polynomial f(y) € Zxy,...,z,], called a Specht
polynomial. For example, if y is (a) or (b) in Definition [3.2] then

(a) f(y) = (x5 — @7)(w3 — w4) (w7 — 24) (21 — 75)  and
(0) f(y) = (21 — @3) (w1 — w7)(2s — 27) (22 — 74).
Definition 3.4 ([12] page 89]). For a partition A of n, let
S* =7Z{f(y) | y is a A-tableau } C Z[x1,. .., x,).
Then S,, canonically acts on S*. We call S* the Specht module corresponding to \.
Theorem 3.5 ([I2, Theorem 1.1]). For a partition X of n, S* has a Z-basis
B* = {f(y) | y is a standard \-tableau }.
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Notation 3.6. Let K be a field of characteristic zero. For a partition A of n, we
denote by V) the Specht module S* ®; K.

Remark 3.7. In [I], Section 7.2], for a partition A of n, the irreducible representation
S* of S, is constructed using tabloids, and this is also called a Specht module. It is
isomorphic to the Specht module in our sense, following [12].

Theorem 3.8 ([12], page 90 and Section 4] and [Il, Section 7.2, Proposition 1]). For
each partition X\ of n, V\ is an irreducible representation of S, over a field K of
characteristic zero. Every irreducible representation of S, over K is isomorphic to
exactly one V.

Definition 3.9. For a partition A of n, we set

Y, = {A-tableau },

Yy = { standard M-tableau }.
We denote by d(A) the dimension of V. Note that d(\) = §Y3* by Theorem (3.5
Proposition 3.10. For A\ = (mq,ms),

(my +ma)l(my —my + 1)

(3) d(my, my) =

For A = (mq, mg, m3),
(4)

d(my, my, ms) = (my + ma + mg) (my — ms 4+ 1)(my — mg + 2)(mgy — mg + 1)

Proof. By [2, page 50, Hook Length Formula 4.12], we can calculate d(mq, ms) and
d(ml,mg,mg). |:|

Let us consider a A-tableau

S o by | -
dag | | byl
Jagl| | bs
-l a

with t > s and {a1,...,a4b1,...,bs} € {1,...,n} such that the columns k£ and [
with k < [ contain {ay,...,a;} and {by,...,bs}, respectively. For 1 < ¢ < s, denote
by S(g) the subgroup of S, consisting of permutations of {a,, ..., at,b1,...,0,}. Let
C(y) be the set of all permutations o € S,, such that for each i, o(i) and i occur in
the same column of y. Such a permutation is called a column permutation of y. We
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also denote by R(y) the subgroup of S,, consisting of all row permutations of y. For
a subset T' of S, we define o(T') = ) _,(sgno)o € Z[S,)].
By [12], we have the following results:

Theorem 3.11 ([12, Theorem 3.1]). Lety and S(q) be as above. Then a(S(q)) f(y) =
0 in Zlxy, ..., x,)].

Lemma 3.12 ([I12, Lemma 3.2]). If T = UV where U and V' are subgroups of Sy,
then a(U)a(V') = 8(U N V)a(T) in Z[S,,)].

We define a subgroup H(q) of S(q) by

H(q) = {0 € 5(q) | 0 f(y) = (sgno) f(y)}-
Then H(q) = S(q) N C(y). Let W(q) be a set of left coset representatives of H(q)
in S(q) such that W (q) contains the identity permutation 1.

Theorem 3.13 ([12, Theorem 3.4]). Let y and W (q) be as above. Then
F)=—= Y (seaw)f(vy)
veW (g)\{1}
in Zlxy, ..., x,).
We call the relation in Theorem [B.13] the Garnir relation. This relation is one of

the relations established by Garnir in [3] Section 11], and it is used in the proof of
Theorem (3.5| ([I2, Theorem 1.1]).

Example 3.14. By the Garnir relation, we have
11315 115]3 11314

y: = +
2|4 2|4 2

in Z[xy,...,zs5|, where we omit f. More precisely, the columns £ = 2 and | = 3
of y coincide with {3,4} and {5}, respectively. For ¢ = 1, S(1) is the subgroup of
Ss consisting of permutations {3,4,5}. Then H(1) = {1,(3,4)} and we can take
W (1) = {1,(3,5),(4,5)}. By Theorem [3.13] we obtain the equality above.

Remark 3.15. For a A-tableau y, we have of(y) = (sgno)f(y) for any o € C(y).
If y5 is obtained by changing the columns k and [ of y;, in other words,

=] by |- and g =| " by |---|ay ol

dag || bg |- ool by |- lag |-

dag|---| bs o bg |-l ag
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then f(y1) = f(y2) in Z[xy, ..., x,]|. By these properties, we can obtain

sl2]s]_[2]3]5]|_ [1]3]5
411 114 24
in Z[xq,...,xs5], where we omit f.

Remark 3.16. Let A be a partition of a positive integer n. For a A-tableau y, set

Z o, b, = Z (sgno)o € Z[Sy).
c€R(y) aeC(y)
Then K[S,]a,b, = K[S,]|b,a, is an irreducible representation of S,, over K (cf. [4]
and [2, pages 46-47]). Note that it is isomorphic to the Specht module V) over K.

4. DENSE REPRESENTATIONS OF THE SYMMETRIC GROUP

In this section, we classify the dense representations of the symmetric group. To
classify dense representations, we prepare the following lemma.

Lemma 4.1. Let V) be an irreducible representation of S, over K. If there exists
1 <r <dimg V) — 1 such that dimg \" Vy > \/H, then Vy s not dense.

Proof. Note that dimg V,, < v/n! for any irreducible representation V, of S,,. Indeed,
(dimg V,))? < (dimg V,)* = £S,, = n!

p

by the Wedderburn-Artin theorem. Hence, dimg V), < Vn!l. Tf dimg N V> Vnl,
then A" V) is not irreducible. Therefore, V) is not dense. O

Theorem 4.2. The dense representations of the symmetric group S, over a field K
of characteristic zero are those on the following list:

(1) the trivial representation Vi) of S, forn > 1,

(2) the sign representation Viiny of Sy, forn > 2,

(3) the standard representation Vi,—11y of Sn forn > 3,

(4) the product of the standard and sign representation Vs n—2y of S, forn > 4,
(5) the 2-dimensional irreducible representation Vis2) of Sa,

(6) the 5-dimensional irreducible representations Vissy and Vis2y of Ss.

Proof. Although the proof given here uses the results over C, it can be proved
in the same way over any field K of characteristic zero. First, we show that any
representations in f@ are dense. Since V() and V{;») are 1-dimensional, they are
dense. By [2, Exercise 4.6], A" Vin—11) = Vin—r1r), and hence V{,,_1 1) is dense. Using
Vig,in-2) = Vin—1,1) ®x Viiny, we see that V(g 1n-2) is also dense. The 2-dimensional
irreducible representation V{,2) is dense by Corollary . For @, let us consider an

outer automorphism ¢ : S¢ — S which is given in [6]. Since V(s) = ©*V(51) and
Viz2y = ©"V{2,14), they are dense by Lemma
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Next, let us consider the case n > 9. By [13| Result 2], if n > 9, then the first

four minimal dimensions of irreducible representations of .S,, are
1 1
(AL B)n—1, (C) galn—3), (D)3 —1)n-2)

The case (A) corresponds to (1) and (2)), and the case (B) corresponds to ‘) and
(4) (c¢f Remark {4 - By the discussion above, these representations ((1)—(4)) are
dense. We claim that any d-dimensional irreducible representation V' of S (n >9)
is not dense if d > n(n —3) > 1 -9 (9 — 3) = 27. We prove this claim separately
for the cases d even and d odd.

When d = 2m for m € N, it follows from (|1|) of Lemma that

2m
()
om
> 93 (n(n=3))

v

It can be shown that 233 > p for n > 10 by induction. If n > 10, then

V2:(n=3) 5 /nn > /nl,
V2:7(=3) 5 \/pl

If n =9, then we can verify

by direct calculation. Hence,

for n > 9, which implies that V' is not dense by Lemma [4.1]
When d = 2m + 1 for m € N, it follows from (2)) of Lemma that

"\ 2m + 1
m
> 2m+1
> 22(n 1)(n— 2)

s.incem—i—l—%2("(”3 +1)/2 = wandm:d;> L = 13. It can
1
5

2 _—
be shown that 22" 2 > n forn > 9 by induction. If n > 9, then

dimK/\V > V/2:(0-D(=2) 5 /=1 5 /pl.

By Lemma , V is not dense. Hence, any irreducible representation V of S,, (n > 9)
except the case f is not dense.

Finally, let us consider the case n < 8. For details on irreducible representations
of S, (n < 8), see [0, Appendix I, I.LA Character Tables]. If n < 4, then any
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irreducible representations are dense, which are listed in f@. Let Z,, be the set
of all (equivalence classes of) irreducible representations of S,, that do not appear
in —@. Set max(n) := maxy¢z, dimg V' and min(n) := minycz, dimg V. Note
that any irreducible representation of S,, has dimension < max(n) for 5 < n < 8.
When n = 5, Zs = {V(32), Vi312), V(221)}, max(5) = 6, and min(5) = 5. Since

(g) > (g) = 10 > 6 = max(5), any irreducible representation in Zs is not dense.

When n = 6,
IG = {‘/(22,12)7 ‘/(3,13)a ‘/(3,2,1)7 ‘/(4,12)7 ‘/(4,2)}7

max(6) = 16, and min(6) = 9. Since (J) = 36 > 16 = max(6), any irreducible
representation in Zg is not dense. Similarly, max(7) = 35, min(7) = 14, and () =
91 > 35 = max(7), which implies that any irreducible representation in Z; is not
dense. We also have max(8) = 90, min(8) = 14, and (') = 91 > 90 = max(8),
which implies that any irreducible representation in Zg is not dense. Thus, we have
verified the case n < 8.

Summarizing the discussion above, we have shown the statement. 0

Remark 4.3. Let n > 7, and let A be a partition of n different from (n), (1"), (n —
1,1), and (2,1"%). As stated in [I3, page 145 (2)*], we have dimg Vy > n. If n > 9,

1
then dimg V) > én(n —3) by [13, Result 2].

5. THICK REPRESENTATIONS OF THE SYMMETRIC GROUP

In the following sections, we classify the thick representations of the symmetric
group. Theorems [I.1] and [I.2] follow from Theorem [£.2] and the following theorem.

Theorem 5.1. If V) is not contained in the list of Theorem [{.9, then V) is not
thick.

For proving Theorem [5.1] we only need to show that V) is not (i, j)-thick with
i+j < dimg Vjy if Vy is not contained in the list of Theorem by Proposition
From now on, let us prove Proposition |5.2, which is equivalent to Theorem |5.1

Proposition 5.2. If V is not contained in the list of Theorem[{.Z, then there exist
subspaces Wy and Wy of V such that

(1) o(W1) N Wy #0 for any o € S,

(2) dlIIl]K W1 + dlmK W2 S dlIIl]K V)\.
In particular, V) is not (dimg W1, dimg W5)-thick.

Suppose that V) is not contained in the list of Theorem for a partition A =
(mq, ma,...,mg)ofn. Then s > 2. To prove Proposition , we divide the argument
into three cases: (Case 1) s = 2, (Case 2) s = 3, and (Case 3) s > 4. More precisely,
Case 1 corresponds to partitions A = (mq, mg) with m; > my > 2, excluding A =
(2,2) and (3, 3). Case 2 corresponds to partitions A = (my, mg, mg) with my; > mgy >
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ms > 2, excluding A = (2,2,2), or A = (my, mo, 1) with my > my > 1, excluding
A= (1,1,1),(2,1,1). Case 3 corresponds to partitions A = (my, ma, ..., ms) with
s>4and my; >my >+ >mg > 1, excluding A = (1) and (2,1"72). They will be
proved in Sections [0} [7] and [§] respectively.

Remark 5.3. In fact, we can prove Theorems and without using [I3], Re-
sult 2]. Theorems and follow from Theorem and the fact that if V) is

contained in the list of Theorem [4.2] then it is dense.

Let us recall the notation from Section In the sequel, for a A-tableau y, we

simply denote the polynomial f(y) € Z[xy,...,z,] by y whenever no confusion
arises. For a subset T of Y), we define (T') to be the subspace of V) spanned by
{y e T}.

The rest of this section is devoted to presenting several non-thick representations
of the symmetric group, which will be used in Sections [6] and [7]

Proposition 5.4. Forn > 5, Vi, is not 2-thick. In particular, it is not thick.
Proof. For integers 7, j with 2 <i < j <n and (4,7) # (2, 3), we set

fig = AT Vi,
vt
where a;; is uniquely determined so that f;; is standard. Let W; be the vector
subspace of V{,,_2 2) spanned by all the f(y) with y a standard tableau other than fs5
and f34. We show that for any o € .S,,, Wi contains one of o foy, 0 f34 or 0 f34 — 0 foy.
If W5 denotes the vector subspace of V{,,_2 ) spanned by fa4 and fs4, this means that

1121 --
413

WinoWs, # 0 for all 0 € S,,, thus V(,,_s 9 is not 2-thick. Since f34— fo4 =

)

we readily see that it suffices to show the following claim.

Claim. Let a,b,c,d be distinct integers with 1 < a,b,¢,d < n. Then for some

permutation (x,y, z,w) of (a,b,c,d), "1 = ["""|e Wy.

y | w
To prove the claim, we may assume without loss of generality that a« < b < ¢ < d.

Case: (a,b) = (1,2).

Subcase: ¢ = 3.

113]--

21d

Since

= foq € Wy if d # 5, only the case (a,b,c,d) = (1,2,3,5)

matters. But 1= f35 € W,
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Subcase: ¢ = 4.

1d>5 [ 1141 = fo = for € Wi, while if d = 5, we alternatively have
21d
U= fi5 €W
4
Subcase: ¢ > 5.
We have 1]2).- = foq € Wi
c

Case: (a,b) = (1,3).

Since | L] ¢ [ = f3q — fae, we have el e Wy, if c # 4. If c = 4, we
3|d 31d
alternatively have
L4l 3] ]4]
d|3 4| d 31d
_ el e 2]
4 d 413 3|d 3
= —f1a — foa + f3a € W1.
Case: a =1,b> 4.
1el-]
We have = foa — foe € W1.
b
Case: a = 2.
In this case, instead of calculating € "], we have
d
9 2] ]2 1“.:12.“_12.“:fbd_fcd€W1-
d d|b d|c b|d cl|d
Case: a > 3.
We have
a|c _ 1 _ 1 _|1la |1]a
b|d b|d b|c d|b clb
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_ | 1|0} i 1|a an 1o |1]a

a|d b|d a|c b|c
_ |1 2..+1 2...+1 20l |1]2] -

a|d b b bla
N L{2--| [1|2]-] |1]2 |y 1121 ..

alc al|b b|c bla
:_fad+fbd+fac_fbc€W1-
Thus, we have proved the claim, which implies that V{,_s ) is not 2-thick. 0

Proposition 5.5. Forn > 5, Vi,_21,1) ts not 3-thick. In particular, it is not thick.

Proof. By [2, Exercise 4.6], /\2 Vin-1,1) = Vin—2,1,1)- Since dimg Vi,—11y =n —1>4
for n > 5, V{—2,1,1) is not 3-thick by Theorem [2.20] O

Proposition 5.6. For a partition A = (A1, Mg, ..., ) of n, let '\ denote the conju-
gate partition to A. As representations of Sy, Vi is m-thick (or thick) if and only if
so 1s Viy.

Proof. By [2, Exercise 4.4 (c)], Vix = V) ®k V(1ny, where V(1) is the sign representa-
tion. The statement follows from the definition of thickness. O

Proposition 5.7. Forn > 5, V(g 1n-4y is not 2-thick. In particular, it is not thick.

Proof. Note that ‘A = (2,2,1"%) for A = (n — 2,2). The statement follows from
Propositions [5.4] and [5.6] O

6. THE CASE A = (my, my) WITH my > mg > 2

In this section, we prove Proposition in Case 1; namely, that V{,,, m,) is not
thick if it is not contained in the list of Theorem More precisely, if A = (mq, my)
with my > my > 2, excluding A\ = (2,2) and (3,3), V), is not thick. As mentioned
in Section [pl n = my + ms. Note that
(m1 + mg)!(ml — My + ].)

(m1 + 1)'m2'

(5) d<m17 m2> — dlm]K ‘/(ml,mg) - = ﬁYESt

mi,ma)
by Theorem [3.5 and Proposition [3.10]
Definition 6.1. For 1 <i # j < n, let M;; be the subspace of V{;,, 1n,) spanned by

7_;7]:{ Z as | as -.'|an‘elf(m17m2) {i,j,ag,...,an}:{1727__‘771} }
Jlagl---

Set Wl = MLQ. Foro € Sn, O'(Wl) = Mg(l),g(g). Note that dlmK Wl = ﬁyv(srtnlfl,mgfl) =
d(m1 — 1,m2 — 1)
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Suppose that a subspace Wj of V(;;,, m,) satisfies the following property:
(6)  For any 1 < i # j <mn, there exists a (not necessarily standard) tableau

Tl Tl w,
jlag| -
Proposition 6.2. Let Wy and W5 be as above. Then Vip,, m,) is not (dimg Wi, dimg Ws)-
thick. If dimg Wy 4 dimg Wy < d(mq, mya), then Vi, m,) is not thick. In particular,
Proposition holds in this case.

Proof. Since o(W1) = My(1),0(2) and W, has the property @, o(Wh) N Wy # 0 for
any o € Sy,. O

By Proposition , it suffices to find a subspace Wy of Vs, m,) satistying @ in
order to prove Proposition [5.2, We prove Proposition [5.2] by dividing the argument
into several cases.

First, let us consider the subcase A = (my,2). Let m; = n — 2 and my = 2. By
Proposition Vin—2,2) is not 2-thick for n > 5, which implies that Proposition
holds in the subcase A = (my,2) with m; > 3. Moreover, we have a more refined
result for the (7, j)-thickness of V{,_29) for n > 7.

Example 6.3. Note that

nl(n—3)  n(n-—23)

(n—1D 2 7
dimg Wy = ﬂY&t_&l) =dn—-3,1)=n-—3.

Let W5 be the subspace of V' spanned by

dimg V(p—22) =

1 2 las@)| - |an(d) .
TioU € Yimim |1=3,4,...,n—1
1 i +1
1 2 las(n)| -+ |an(n)
U S }/(ml,mg) )
n | 3

where we choose a tuple (as(i), ..., a,(i)) fori = 3,...,n. Then W5 has the property
@ and dimg Wy < dimg Wi + (n — 2) = 2n — 5. By direct calculation, dimg W; +

-3
dimg Wy < 3n—8 < =3
3,2n — 5)-thick for n > 7 by Remark since V(;,—2,9) is not (dimg Wy, dimg W5)-
thick.

= dimg Vjy—2,2) for n > 7. Hence, Vj;,_2,9) is not (n —

By Example [6.3, we have the following proposition:
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Proposition 6.4. Forn > 7, Vi,,_99) is not (n — 3,2n — 5)-thick. In particular, it

—2)(n—5
1s not m-thick for anyn —3 < m < (n )2(n )
Proof. The latter part follows from Proposition [2.10} O

In the sequel, we assume that m; > ms > 3, except for A = (3,3). Then
n = 1My + My Z 7.

Definition 6.5. A tableau is standard with respect to S (or w.r.t. S) for a subset
S C{1,...,n} if it is filled with the elements of S, each appearing exactly once,
and the entries increase strictly along rows and down columns. Set

TLQZ{ 1 |as|as .”|an‘€}/(m1,m2)

43|95 '”|a"‘ is standard w.r.t. {3,4,...,n} }

2 ag |-+ ag|---
and
Tfsz{ 1 |a3]as "'|a”‘€Y(m1,m2) 43195 ”'|a"‘is standard w.r.t. {2,4,...,n} }
: 3 agl--- ol

Note that 17, [[ 173 C Y{;,,, n,) and that 877, = £77 5 = d(mq — 1,my — 1). We put

Z(m1,m2) = Yv(i;cll,mg) \ (Tll,2 H Tll,S)'

Remark 6.6. The subspaces M; 2 and M; 3 of V' are generated by T1’72 and Tl’,37
respectively. Furthermore, M; o N M; 3 = 0 and dimg M; o = dimg M3 = jjTL2 =
]jT{’g = d(m1 — 1, mo — ].)

Definition 6.7. Let W5 be the subspace of V(;,, m,) spanned by

.
1 2 as(i) e an(Z) . n
T]_,2U S )/(ml,mQ) 1 = 2,3,...,5 1fn is even,
2%—1| 2¢ | ---
\
1 2 as(i) e Gn(Z) . n— 1
TioU € Yimime) |1=2,3,..., 5
2i—1| 2¢ | ---
if n is odd,
1 2 as(2H oo fan(zEh
Y € Y‘(mth)
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where we arbitrarily choose a number b and a tuple (as(7),...,a,(7)) for each i =
n+1
2,00, ;_ to obtain Young tableaux. Then W, has the property (6)), because
1| 2 |as@)] - 1| 20 |as@)| - 1| 2 |as@)| -
’ - ’ + ’ c WQ
2% |2i-1| --- 2 |2i-1] --- 2i—1| 2t
and
1 2 as(2Eh) 1 b las(2H)] - 1 2 as(2h)| -
- + € WQ.
b n 2 n n b

—1 -1
Note that dimg Wo < dimg W, + [n 5 } =4T] 4+ {n 5 }

Choosing W, as in Definition [6.7, we obtain the following result.

Proposition 6.8. Let my > my > 3 and n = my +mg 2> 7. Then Vi, m,) 5 not
-1

n })—thick. i

(d(mq —1,mg —1),d(my —1,my — 1) + [

g Lo 2 | "5 |

n—1

then 2d(my — 1,me — 1) + [ } < d(mi,mga) and Vi, m,) is not thick.

Proof. Let W7 and W5 be as above. The first part follows from the properties of W;
—1
and Ws. Suppose that 82, m,) > {n } Since

2
< ﬁTll,z + ﬂTll,3 + ﬂZ(ml,mg)

= d(ml, mg),

—1
dimg W1 + dimg Wy < §T7 5 4+ 477 5 + [n ]

n—1

2d(my — 1,my — 1) + { } < d(m1,ma) and Vi, m,) is not thick. O

To prove Proposition for A = (mq, my) with my; > mg > 3 and n = my +mgy >

—1
7, we only need to prove 82, m,) > {n 5 } by Proposition .
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Proposition 6.9. Let my > my = 3 and n = my +my > 7. Then § 2y, my) =

2
Proof. Recall Zn, my) = Y, ) \ (1121177 3). Since

1]2]3] ]
Zimime) D
(m1,mz2) { ik

—1
{n } . In particular, Vi,—33) is not thick for n > 7.

Y

4§z’<j<k§n}

—4)-(n—5 1
Zmmay 2 ("5") = (n = 3) (n ?)) ;" ) >n_3> {” } for n > 7. The
statement follows from Proposition [6.8 O

Proposition 6.10. Let m; > mo = 4 and n = my + my > 8. Then §Z;n, my) =

-1
{n _ } . In particular, Vin_4.4) is not thick for n > 8.

Proof. When n =8 or 9,

7 213

(474) - U ’ 9 9
506718 416|718 40517 41568
112(3[4|m D<i<i<k<l<L9,

Z(54) D ARE {i,j.k,l,m} ={5,6,7,8,9} [

Then

8—1 9—-1
1244 =42 [T} and §Z(54) > 5 > [T} :

If n > 10, then

p 1121314/ b<i<ji<k<l<n,
(n—474)3 1 k {Z7J7k7lv}:{5’7n}
and
n—4 n—4 (n—4)(n—5) _ 5(n—4) n—1
Zinany > > - > >
ﬁ(4’4>—(4>—(2) 2 =2 = 2
by Lemma [2.23] This completes the proof. O

Proposition 6.11. If my > my > 5, then d(my,ms) > 3d(m; — 1,my — 1) and
d(m1 — 1,m2— 1) Zml—i—mg—S.
Proof. Let n = my +msy and my > my > 5. By ,

d(my, ms) _(mq +mg)(my +my — 1) n(n —1)

d(m; —1,my — 1) (mq + 1)mo (n—mg+ 1)my
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For x = n > 2msy, we define

x(r—1)
T) = _
o) (x —mg + 1)my
Since
logga)y =9 L, L 1 2-2m—lrt(m—1)
g@) @ a1 s-m+l s De-ma+1)
g'(x) > 0 for © > 2my. For x > 2my, we have
2mo(2mg — 1) 4y — 2 6 6
g9(x) = g(2mo) (2my —ma + Dmy  ma+ 1 it 5

for my > 5, which implies that d(my, ms) > 3d(m; — 1,my — 1). Using again,
we obtain
(my +mg — 2)1(my —may + 1)
my!(mg — 1)!
B (m1+m2—2) my — ms + 1

d(m1 — 17m2 — ].) =

mo — 2 mo — 1
> m1+m2—2 ml—m2+1
- 2 mo — 1
(m1 — ]_ —|— mo — 1)

= —3)- . — 1

(m1 + mo ) 2<m2 — 1) (m1 ma + )
Z mi —+ mo — 3

for mq; > mo > 5 by Lemma [2.23] This completes the proof. OJ
n—1

Proposition 6.12. For m; > my > 5, then 2, my) = [ } In particular,

‘/Em1,m2) 1$ not thick.
Proof. Note that §Z(,, m,) = d(m1,ma) — 2d(my — 1, my — 1). By Proposition m
2oy 2 3y = 1,y = 1) = 2d(my — 1,mz ~ 1)
=d(my —1,mg — 1)
> my +me — 3
> my+mg— 1 _ n—1 |
> 5 .

Proposition [6.8 implies that Vi, ) is not thick. O

In the case A = (my, mg) with my > mg > 3 with n = my + my > 7, we have

—1
verified that 82, m,) > [n 5 } . By Proposition we have:
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Proposition 6.13. For A = (my,ms) with my > mg > 3 withn =my+my > 7, V),
n _

1
is not (d(my;—1,mg—1),d(my—1,my—1)+ [ ] )-thick. In particular, Vy is not

2
Proof. The latter part follows from Proposition [2.10] O

-1
m-thick for any d(mq —1,mq—1) < m < d(my,mg) —d(my —1,my— 1) — [n ] .

Summarizing the discussion above, Proposition has been proved in Case 1.

7. THE CASE \ = (my, mg, m3) WITH my > mg > mg > 1

In this section, we prove Proposition in Case 2; namely, that Vi, m, ms) 15
not thick if it is not contained in the list of Theorem More precisely, if A =
(my, mg, mg) with m; > mg > mg > 2, excluding A\ = (2,2,2), or A = (my, ma, 1)
with m; > mg > 1, excluding A = (1,1,1) and (2,1,1), then V) is not thick. As
mentioned in Section [5, n = my + my + ms.

For n > 5, Vi,—2,1,1) is not 3-thick by Proposition , which implies that The-
orem and Proposition hold. Hence, to prove Proposition the subcase
A = (mq,ma, 1) with my > mg > 1, excluding A = (1,1,1) and (2,1,1) can be
reduced to the subcase A = (mq, mg, 1) with m; > my > 2.

In Subsection we prove Proposition in the case A = (my, mg, 1) with my >
my > 2. In Subsection [7.2] we prove Proposition in the case A = (my, my,2)
with my; > mg > 2, excluding the case A = (2,2,2). In Subsection , we prove
Proposition in the case A\ = (mq, ma, m3) with my > my > mg > 3.

Before proving each case, we introduce the function F(n). Let X,, = {1,2,...,n}.
Let (X3”) be the set of all 3-element subsets of X,,. For F C ()g"), we say that F
covers all edges in X, if for any i # j € X,, there exists f € F such that i,j € f.

Then we define

F(n) =min{ F ‘ (X;‘) D F covers all edges in X,, }
for n > 3. For example, F/(3) =1, F(4) =3, F(5) = 4.
Proposition 7.1. For k > 2, F(2k +1) < k* and F(2k) < k* — 1.

Proof. If k = 2, then the statement is true. Let us prove the proposition by induction
on k. Assume that ' C (XQ’?:“) covers all edges in Xop 1 = {1,2,...,2k + 1} and
#F' < k%. Then the union of F' and the set of 2k + 1 elements {2k + 3,1, 2}, {2k +
3,3,4}, .. {2k+3,2k+1,2k+2}, {2k +2,1,2}, {2k+2,3,4},..., {2k+2, 2k —1, 2k}
covers all edges in Xori3 = {1,2,...,2k + 3}. Thereby, we have F(2k + 3) <
k> +2k+ 1= (k+ 1)

Assume that F C (Xg’“) covers all edges in Xop = {1,2,...,2k} and §F <
k* — 1. Then the union of F and the set of 2k + 1 elements {2k + 2,1,2}, {2k +
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23,4}, ..., {2k+2,2k—1,2k}, {2k+2, 2k+1, 2k}, {2k+1, 1,2}, {2k+1,3,4}, ..., {2k+
1,2k — 1,2k} covers all edges in Xorio = {1,2,...,2k + 2}. Thereby, we have
F(2k +2) < k*—1+2k+1 = (k+ 1) — 1. Hence, we have proved the state-
ment. ]

n?—4
Corollary 7.2. Forn >3, F(n) <

Proof. If n = 3, then F(3) =1 <

—1\? 2_4
(n2 ) < r 1 by Proposition

‘
2 2_4

<2) —1= n by Proposition

2 4

7.1. The case A = (my, ma, 1) with m; > my > 2. In this subsection, we consider

the subcase A = (my, mg, 1) with m; > my > 2. In this subcase, n = m;+mo+1 > 5.

By Proposition [3.10] we have

. If n is odd with n > 5, then F(n) <

If n is even with n > 4, then F(n) <

This completes the proof. 0

. m1+m2+1 m1+1
d 1)=d Vi ms1) = . . - 1).
(my1, my, 1) HNK V(mq,ms,1) ( My — 1 ) g 1 1 (my —my+1)
Let
L e Yo many |1 =3.4,...,n
W, = 21... )
)
We see that
dimg W1 = (n — Z)ﬁY(ffn_LmQ_I) = (n — 2) dimg Vi, —1,m0-1)
mi+me—2\my —me+1
N o L
m2—1 mq
d 1
Setting g(mq, mo) = %, we have
(m1+m2+1)' m1+1 ml(mz—l)'(ml—l)'

glma, ma) = (ma — DI(my +2)1 ma+1 (my+ma — 2)[(my +my — 1)

_(ma +ma +1)(my +my)
(i +2)(my+ 1)
Putting my = my + k with k£ > 0, we obtain
(2mo+k+1)(2ms + k)
(ma+k+2)(me+1)

Lemma 7.3. Let k > 0 and my > 2. Then g(my,mq) > 2 if and only if either
k>1and my > 2, or k=0 and my > 3.

g(my,ma) = g(ma + k,ma) =
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Proof. By direct calculation,

(2my + k + 1)(2my + k) ) k*—k—4
>2<—=mi+(k—2)my+———2>0
(ms+k+2)(ma+1) = 2+ (k= 2)ms 2 =
k—2\% K42k —12
< | Mo+ ——— + —FF— > 0.
2 4
It is straightforward to verify the statement. OJ

Proposition 7.4. Forn =my +my+ 1 =2my + k + 1, we have dimg W7 > F(n)
if either k> 1 and mo > 2, or k=0 and mqy > 3.

Proof. When k = 0 and msy = 3, we can verify that n = 7 and dimg W, = 10 > 32 >
F(7) by Proposition [7.1] Thereby, let us show the statement if & > 1 and m, > 2,
or if £ =0 and my > 4. For m; = mo + k with £ > 0, set

dimK W1
h(ma, k) = ——s 1
(m27 ) F(n)
and
dimg W/ 4 dimg W
h(m%k) = n2ﬂi4 - = n2 Eg4 1‘

1
By Corollary [7.2] h(ma, k) > h(ma, k). It suffices to show that h(ms, k) > 1if k > 1
and mo > 2, or if k = 0 and my > 4. By direct calculation,

m1+m2—2> ml—m2+1 1

h(mag, k) = 4(my +my — 1) - (

my — 1 m n®—4
(2my + k — 2)! k41 1
:42 k_]. * ) '
(2mqy + ) (me —Dl(ma+k—=1)! ma+k (2ma+k+1)2—4
(8)  —4. Zmetk=2) e

(ma — Dl(ma + k)| 2my+ k+3°
When k = 0, we have

h 0) = .
hms,0) (mg — 1)Ima!(2ms + 3)
. 4 - 6! 20
Since h(4, 0) = 3'4'—11 = ﬁ > 1 and
h(ms,0)  mal(my + 1)!(2my + 5) 4(2my — 2)!

2(2my — 1)(2my + 3)
= Tt D2m+5) =

for my > 4, we see that h(msg, k) > 1 for k =0 and my > 4.
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Let us consider the case £k > 1. By ,

(k+2) k+1
@(z’k):4'1!(k+2)!'k+7
_ Ak
E+7 —
Using again, we see that
h(me + 1, k)
h(m%k)
_ (2ma+ k) k+1 (me — Dl(ma+ k) 2mge+k+3
T oml(ma+k+ 1) 2mo+k+5  (2ma+k—2) k41
_ (2me+E)2me+Ek—1) 2my+k+3
B ma(me + k + 1) .2m2+k+5
_ 2matk ‘4m§+(4k+4)m2+k2+2k—3>1
me+k+1 2m3 + (k + 5)my -

since 2my +k > may +k+1 and 4m3 + (4k + 4)msy + k? + 2k — 3 > 2m3 + (k + 5)may
for mg > 2 and k > 1. Hence, h(ms, k) > 1 if £k > 1 and my > 2. This completes
the proof. O

Corollary 7.5. If k > 1 and my > 2, orif k = 0 and mg > 3, then dimg Vi, m,,1) >
dimle + F(m1 + mo + 1)

Proof. The statement follows from Lemma [7.3 and Proposition [7.4] O
Let us define a subspace Wy of Vi, m,. 1) for my > mg > 2. For n = my+mo+1 >

5, take a subset F,, C (") such that §F, = F(n) and F, covers all edges in X,,. For
each f € F,,, choose a (not necessarily standard) Young tableau yy of form

’;T‘ NS SN

where f = {i,j,k}. Set Wy = (ys | f € F,). Then dimg W, < F(n). For o € S,
choose f €Y, such that {o(1),0(2)} C f. Since y; € o(W1), o(Wy) N W, # 0.

Theorem 7.6. If m; > my > 2, then Vi, m,,1) 18 not thick. In particular, Theo-
rem and Proposition hold in this case.

Proof. By Proposition , Vi2,2,1) is not thick. It suffices to prove the statement
for £ > 1 and my > 2, and for £ = 0 and my > 3. Let W; and W5 be as above.
Corollary implies that dimg Vim, m,1) > dimg Wi + dimg Ws. Hence, Vi, mo 1)
is not thick. O
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By the discussion above, we have:

Proposition 7.7. In the case X\ = (my,mg, 1) with my > mg > 2, except for
A= (2,2,1), V) is not (n—2)d(my—1,my—1), F(n))-thick, where n = m;+may+1.
In particular, it is not m-thick for any F(n) < m < d(mq,ms, 1) — (n — 2)d(my —
1, mo — ].)

Proof. The latter part follows from Proposition [2.10] OJ

7.2. The case \ = (my,my,2) with m; > my > 2. In this subsection, we consider
the subcase A = (my, mo,2) with my; > my > 2, excluding A = (2,2,2). In this
subcase, n =m; +mo +2 > T7.

Let
L e Yinme) |1 =3,4,...,n
wy={ [2]- .

7| *

By the Garnir relation (Theorem [3.13)), we see that
L € Yoy |1 =3,4,...,n— 1
Wy = 2 |- :

Hence, we obtain

dimg Wy < (n = 3)8Y (5, 1y 1.1y = (1 — 3) dimg Vi, —1.my-1,1)
= (my4+my—1) - (1 A+ ma — !y —mo + ma(ms — 1)
' ’ (my + 1)Imy! '

Let us define a subspace Wy of Viy, m, 2) for my > mg > 2. For n = m; +mo+2 >
7, take a subset F;,, C ()g”) such that §F,, = F(n) and F,, covers all edges in X,,. For
each f € F,, choose a (not necessarily standard) Young tableau y; of form

gl
k| *

where f = {i,j,k}. Set Wy = (ys | f € F,). Then dimg W5 < F(n). For o0 € S,,
choose f € Y, such that {c(1),0(2)} C f. Since y; € o(Wy), o(W1) N Wy # 0.
To prove that Vim, m, 2) is not thick, we only need to show that dimg Wy 4+ F'(n) <
dimK ‘/(ml ,m2,2) .

Let us prove the claim that dimg Wi + F(n) < dimg Vi, m,2). Putting m; =
ms + k with k£ > 0, we have

n=2mo+k+2>7,
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(2mo + k+2)I(k + 1)(ma + k)(ma — 1)
2(mg + k + 2)!(mg + 1)! ’
(2mg + k — DIk + 1)(ma + k)(mg — 1)
(ma + k + 1)Imy! ’
n*—4  (2mg+k)(2mo +k+4)
4 4 '
Let us discuss when dimg W; + F(n) < d(mq,ms, 2) holds. By direct calculation,

dimK Wl < 2(2m2 + k— 1)(m2 + k + 2)(7’712 + 1)

By Lemma [2.23]

d(mh ma, 2) - dlmK ‘/(ml,’n’LQ,Q) -

and F(n) <

2ms + k + 2 k+1)(ms+k)(ms—1

a2 - (214 542) G0 1)

S (2m2+k+2) . (k+1)(mae + k)(mg — 1)

- 2 2(my + 1)
 (2ma+k+2)2my + k4 1)(k+1)(mo + k) (me — 1)
4(mg + 1) ’
and hence
F(n) < (2my + k)(2me + k 4+ 4)(my + 1)

d(my,mg,2) = (2me +k+2)2mo+ k+ 1)(k + 1)(ma + k)(me — 1)
Thereby, we have
dimg W1 + F(n)
) d(my, ma,2)
< (mg +1)
T 2me+k+2)2ma+k+1)
« {2(2m2 +Ek—=1)(me+k+2) (2mo+k)(2ms+k+4) }
2mo + k (k4 1)(ma +k)(mg — 1)

For k = 0, we obtain

dimg Wi + F(n) < mo + 1 ' {2(2m2 —1)(mg + 2) N 2my(2ms + 4) }
d(my,me,2)  — (2mg+2)(2my + 1) 2me ma(mg — 1)
_ (ma+2)(2m3 +me + 1)
© 2ma(my — 1)(2mg + 1)

dimg Wy + F(n)

d(ml,m2,2)
(ma + 2)(2m3 + mg + 1) < 2mgy(my — 1)(2mg + 1) for my > 5.

by {H} It is straightforward to see that < 1 for my > 5, since
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For k = 1, we obtain

dimg Wy + F(n) < 8mj + 32m3 + 20m3 — 2my + 5
d(ml, ma, 2) B 4(2m2 + 3)(27’”2 + 1)(m2 + 1)(m2 - ].)
d(my, ma,2)

8m3 + 32mi + 20m3 — 2mao + 5 < 4(2my + 3)(2ma + 1)(ma + 1)(me — 1) for my > 3.
Let us consider the case k > 2. By @D, we obtain

by (H} It is straightforward to see that < 1 for my > 3, since

(10)
dimg Wi + F(n)

d(my, ma,2)
< (me + 1)
T 2ma+k+2)2me+k+1)

22mg+k —1)(ma + k4 2) (2ma + k + 2)?

% { 2ma + k (& + 1)(ms + k) (ma — 1)}
_2(2mp + k= 1)(my + k +2)(mg + 1) (2mo + k+2)(mgy + 1)
C@2ma k) 2me+k+F1D(2me +k+2)  (E+1)(mg +E)(my — 1)(2mg + k + 1)

T Cma+k+1)(2me+k+2)  (kK+1)(mg—1)

1
since (2mg + k)(2my +k+4) < 2ma +k+2)2, my +1 < 5(2m2 +k+1), and
2mg + k 4+ 2 < 2(mg + k) if k£ > 2. By direct calculation, we see that

2
(mo+ k+2)(mg +1) Sg and 1 Sl
(2mo+k+1)2me +k+2) — 3 (k+1)(ma—1) = 3
dimg W1 + F
for £ > 2 and my > 2. Thereby, (10) implies that g W1 + F(n) <1.
d(m17m272)

,3), (0, ) and (1,2). These cases

The only remaining cases are (k,mz) = (0
2),(4,4,2), and (3,2,2), respectively. These

correspond to (mq,mg,m3) = (3,3,
cases are listed in the following table.

(ml, ma, mg) dlmK ‘/(mhmg,mg) dlmK W1 F(n) dlmK W1 + F(n) S dll’ﬂK ‘/(m17m2’m3)
(3,3,2) 42 <25 [ <15 yes
(4,4,2) 252 <147 | <24 ves
(3,2,2) 21 <12 [ <9 ves

Hence, they are not thick.
Summarizing the discussion above, we have
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Theorem 7.8. Ifmy > mgo > 2, then Vi, m,,2) is not thick except for (m1, mg, m3) =
(2,2,2). In particular, Theorem and meposition hold in this case.

To obtain a more refined result, we prove the following inequality.
Proposition 7.9. In the case my > mg > 2, excluding (my,ms) # (2,2),
(m1 + mo — 1)d(m1 — 1,m2 — 1, 1) 2 F(m1 + mo + 2)

Proof. Let k = m; — mg > 0. Since F(mq +mqg +2) = F(2ms + k + 2) <
(2mgy + k)(2mse + k + 4)
4

by Corollary , it suffices to show that

(2m2 +k’) (ng +k2+4)
4

(2m2 +k— 1)d(m2 +k—1,my—1, 1)
(2mo + k)(2ms + k + 4) (mg + k + 1)Imy!

4 (2mo +k—1)(2me+ &k — D)k 4+ 1)(mo + k)(ma — 1)

<1

In the case my > 2 and k > 0, excluding (mq, k) = (2,0), the inequality (2ms +
k)(2mg + k +4) < 4(ma + k)(2m2 + k — 1) holds. Hence, using Lemma [2.23] we
obtain

< A(ma +k)2ma +k— 1) (mg +k +1)Imy!
- 4 (2mo+k—1)2ma + &k — D)k 4+ 1)(mg + k)(mg — 1)
(mg + k + 1)Imy! _ (2ma+E)2me + k4 1)

(2me +k = DIk +1)(me — 1) (") (k + 1) (my — 1)
(2my + k) (2my + k+1) 2 -
= (2m2;k+1)(k +1)(me—1) (k+1D)(ma—1) =

if my > 2 and k > 0 except for (msg, k) = (2,0). Thus, we have proved the inequality.
O

Combining the discussion above with Proposition [7.9], we obtain the following
proposition.

Proposition 7.10. In the case A\ = (my, mq,2) with my > my > 2, except for
A=(2,2,2), Vyisnot (n—3)d(m1—1,me—1,1), F(n))-thick, where n = my+ma+2.
In particular, it is not m-thick for any F(n) < m < d(my,ms,2) — (n — 3)d(my —
1,ms —1,1).

Proof. The latter part follows from Proposition [2.10] O
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7.3. The case: m; > my > ms > 3. In this subsection, we consider the subcase
A = (my, mg, mg) with my > mg > mg > 3. In this subcase, n = my +mgy+mg > 9.

Definition 7.11. For ¢+ = 3,4, 5, set

Llal-cy a |---| 1s not necessarily standard w.r.t.
T12i: 21b6 .- (m1,mz;ms) bl--- {177n}\{17277'}
Z‘ C .. C ..
and
Y1 E Y moims) | L2 ] is standard wr.t. {1,...,n}\ {1,2,i}
T1,,2,z‘: 216 | -- bl...
ilel - ol

(For the definition of a tableau being standard with respect to a subset S C
{1,2,...,n}, see Definition ) Note that 17,5 [[ 1104117125 € Yi, mpms) a0

that ﬂT{72’3 - ﬁT{’274 - hTII’2’5 - dimK ‘/(m1_17m2_17m3_1) - d(ml - ].7 mo — 17 m3 - 1).
We pUt Z(ml,mz,m;;) = }/(S;Ll’nw’mg) \ (Tll72,3 HT1/72,4)
Definition 7.12. Let W) = (T} ,3) = (T123). For 1 <i < j < k < n, choose a

(not nec. standard) Young tableau y; ;i € Y(im, mo,ms) Whose first column is

denote by Wy the subspace of Vi, m, ms) sSpanned by

TosU{yrij 14<i<j<n}U{yi; |[4<i<j<n}U{y;l4<i<j<n}
U{tyiok |4 <k <n}U{yosr |4 <k <n}U{yisr|4<k<n}

Then dimg Wy = {17 , 3 and dimg Wy < 4§77, 3 + G(n), where

Glm) = 200D g )=

3(n—2)(n— 3)‘
2

Remark 7.13. We can verify that o(W;) N W, # 0 for any o € S,,. Indeed,

o) a |--- a |---| is not necessarily standard w.r.t.
(W) = < R , (L.} \ {o(1). 0(2),0(3)}
o(3) ¢ c
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If {o(1),0(2),0(3)} = {1,2,3}, then o(W;) = Wy C Wy and hence o(W;) N Wy =
Wi #0. If {o(1),0(2),0(3)} N{1,2,3} =0, then

o) 1 |- _ 1 |o(1) - € o(Wy) NW, C o(Wy) N s # 0.
o) 2 |- 2 |o(2)[ -
a(3) 3 |- 3 o))

In the remaining cases, we can check that o(W;) N Wy # 0, since

Yiigs Y2iy Ysigr Y12k Y23k Y13k € W

fora<i<j<nand4<k<n.
If we can prove that

d(my, mg,mg) > 2d(my — 1,mg — 1,mg — 1) + G(n),

then we obtain dimg Vi, mym,) = dimg Wi + dimg Ws, and hence V(p,, my m,) 1 Dot
thick.

To prove that Vi;, ms,ms) is not thick, we only need to show that

(11) G .
dimy —1,me — 1,m3 — 1) dim; —1,my —1,m3 — 1)
By in Proposition m,
d(my, ma, mg3) _(my+mg +mg)(my + mg +m3 — 1)(my + my +m3 — 2)

d(m1 — 1,m2 — 1, ms3 — 1) (ml -+ 2)(m2 -+ 1)m3

For my; > my > mg > 3, we have

d(m17m27m3> > 2+

my +mg +mz—22>my + 2,
m1+m2+m3—122(m2+1),

my + mo + Mms Z 3m3.

d(ml,mg,mg) >6

H
enee, d(m1 - 1,m2 — 1,m3 - 1) -

G(n)

d(m1 - 1,m2 - 1,m3 - ].)

On the other hand, let us consider . By direct calcula-

tion,
(12)
G(n)
dim; —1,mg — 1,m3 — 1)
_3n—-2)(n-3) (mq 4+ 1)Ima!(mg — 1)!

2 (m1+m2+m3—3)'(m1—m2+1)(m1—m3+2)(m2—m3+1)
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3(n —2)(n—3) mil(my —1)!(ms —2)! (my + 1)ma(ms — 1)
2 (m1+mg+mgz—3)!  (myg—ma+1)(my —mg+2)(ma —mz+1)

First, let us consider the case m3 = 3. If my > 4, then
G(n)

dimy —1,ms —1,mg — 1)

~3(n—2)(n—3) my!(my—1)! 2(mq + 1)msg

B 2 (m1+mg)! (my —ma+1)(my —1)(mg —2)

mqlms! (my+1)
(my +my)! (my —my + 1)(my — 1)(my — 2)

m 4! (my +1)
(m1+ 4! (mq —ma + 1)(my — 1)(ma — 2)

(m1+1/2)my 1
(m1+2)(m1 —1) (mq —mao+1)(mq +4)(mq + 3)(mg — 2)

1
(mq —mg 4+ 1)(my +4)(my + 3)(me — 2)
1 18

1-8.7-2 7
by Lemma [2.23] since (mq + 1/2)my < (mq + 2)(my — 1) for my > 4. In this case,

holds.
When my = 3,

= 3(m1 + mq + 1)(m1 -+ mQ) .

= 288 -

< 288 -

< 288 - <4

G(n)
dim; —1,mgy — 1,m3 — 1)
(m1+3)! (mg —2)(my — 1)

B 18(my + 4) "
(m1 + 2)(m1 — 2)(m1 — ].) B
for any m; > 4. Then holds.

The case (mq,ms, m3) = (3,3,3) remains. When (my, ma, m3) = (3,3,3), we see
that d(3,3,3) = 42, dimg W, = d(2,2,2) = 5. Let us redefine Ws. By the definition
of Wi, we see that for any 7,7,k € {4,5,...,9}, W) contains a (not necessarily
standard) Young tableau y € Y(333) whose second column is (7,7, k). We define W,
to be the subspace of V(33 3) spanned by W; and the union of

al|lb|ec albl|ec al|lb|ec a




34 KAZUNORI NAKAMOTO, SHINGO OKUYAMA, AND YASUHIRO OMODA

alb| % i=5.67 a|b|x* i =89 al|b|=* i—=4
U 4] c|=* U 5| c| U T1c|x ,
1| * 6| x* 811 |x*

where (a, b, ¢) runs over {(1,2,3),(2,3,1),(3,1,2)}. Note that dimg Wy < dimg W1+
4-346-3 =35 and that dimg W + dimg W5 = 40 < 42 = dimg V(33 3). We can
verify that o(W7) N Wy # 0 for any o € Sy. Hence, V(333 is not thick. Thus,
we have proved Theorem and Proposition in the case A = (my, my, 3) with
my > mgy > 3.

Summarizing the discussion above, we have
Proposition 7.14. In the case A = (my, ma, 3) with my > my > 3, excluding \ =

—9)(n —
(3,3,3), Vi is not (d(ml —1,my—1,2),d(m; — 1,my — 1,2) + 3(n ;(n 3)> B}

thick, where n = my+ms+3. In particular, it is not m-thick for any d(m;—1,mq —

— 9 (n —
1,2) <m <d(my,mg,3) —d(my — 1,mg — 1,2) — 3(n g(n 3).

Proposition 7.15. For A = (3,3,3), V) is not (5,35)-thick. In particular, it is not
m-thick for any 5 < m < 7.

Finally, let us consider the case mg > 4. If my > 5, then
(m1+m2+m3—3)! (m1+m2+m3—3).<m2+m3—3)

ml'(mQ—l)'(mg—Q)' - mq m2—1

()5

(n=3)(n—4)(n=5)(n = 6)(n=7) (mg+ms—3)(mas+m3—4)

120 2
by Lemma , since mo > mg3 > 4 and n = my + my +mg > 13. By ,
G(n)
dm; —1,ms —1,mg — 1)
< 3(n—2)(n—3) . 120 . 2
- 2 n=3)(n—4)(n—=>5)(n—6)(n—T) (mg+mg—3)(mg+ m3—4)

] (m1 + 1)m2(m3 — 1)
(m1 — My + 1)(m1 —m3+2)(m2 —m3+ ].)
my+1 mo m3—1 n—2
=720 - . . .
n—7 mg+mg—3 me+mg—4 2(n—06)
1
“(n—4)(n —5)(my — mg + 1)(my —mg + 2)(my —mg + 1)
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ms—1 (1 2 1

<720-1-1-——— . (= :

= 2ms — 4 (2+n—6> 9-8-1-2-1

1+ 2 1 _165<4
2 13—-6) 9-8-2 56 '

Here, we used

<720 -

e~ w

m1+1§n—7:m1+m2+m3—7,
meo S mo + M3 — 3,
-1 -1 1 1 1 1
meo+ms—4 " 2mg—4 2 2mz—4 2 2-4—4 4
for my > my > mg > 4 and n > 13. Hence, we have verified the inequality
except in the case (my, ma, m3) = (4,4,4).

The case (mq, mg, m3) = (4,4,4) remains. When (my, ma, m3) = (4,4,4), we see
that d(4,4,4) = 462, dimg W7 = d(3,3,3) = 42, and G(12) = 135. The inequality
holds because d(4,4,4) = 462 > 2d(3, 3, 3) + G(12) = 219.

Thus, we have proved Theoremand Propositionin the case A = (my, ma, mg3)
with mq Z mo 2 ms Z 4.

Summarizing the discussion above, we have

Proposition 7.16. In the case A = (my, mo, m3) with my > ms > m3 > 4, exclud-
ing A = (4,4,4), Vy is not (d(my — 1,me — 1,mg — 1),d(m; — 1,mg — 1,m3 — 1) +
3(n—2)(n—3)

)-thick, where n = my + mg + mg. In particular, it is not m-thick

for any d(my — 1,ms — 1,m3 — 1) < m < d(mq,mg, m3) —d(my — 1,me — 1, ms —
3(n—2)(n—3)

1) — .

2

Proposition 7.17. For A = (4,4,4), Vy is not (42,177)-thick. In particular, it is

not m-thick for any 42 < m < 420.

Proof. We need only to prove the latter part. By d(4,4,4) = 462 and Corollary-
we can verify the latter part.

Therefore, Proposition is proved in Case 2 by the discussion in Section [7}

8. THE CASE A = (my,ma,...,ms) WITH s > 4

In this section, we prove Propositionin Case 3; namely, that if A = (mq, ..., my)
with s >4 and my > -+ > m, > 1, excluding A = (17) and (2,1"72), then Vj is not
thick. For proving Theorem and Proposition in Case 3, it suffices to show
the case s > 4 and m; > 4 by Proposition [5.6, because we have proved the case
A= (my,...,ms) with s = 2,3 in the previous sections.
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Definition 8.1 (¢f. [Il page 4]). Let two Young diagrams A = (A1, Ag,...) and
o= (p1, o, ...) satisfy u; < A; for all ¢ (that is, p is contained in A). A skew
diagram, or skew shape, \/p is the diagram obtained by removing p from . A
standard skew tableau on \/p is a filling of the boxes of A/p with the numbers
{1,2,...,|A] — |u|}, each appearing exactly once, that is strictly increasing in rows
and strictly increasing in columns. We denote by

/S\t/u = {standard skew tableau on \/u}

the set of standard skew tableaux on A\/u. For example, if A = (4,2,2,1) and
w=(1,1), then

4]5]

2
7

is a standard skew tableau on A/ p.

Definition 8.2. Let A\ = (my,myo, ..., ms) with s > 4 and m; > 4. Set

fly)|y= 1) = ‘ is a standard A-tableau

and

fly)|y= L1121 i a standard A-tableau
Wi = _

Note that V), = W, & W] and that dimg V), = dimg W; + dimg W{. Moreover,

Proposition 8.3. Proposition holds for A = (mq,ma, ..., ms) with s > 4 and
my > 4. In particular, Vy is not thick in this case.

Proof. To prove the case A\ = (mq, ma, ..., mg) with s > 4 and m; > 4, it suffices to
show that either V) or Vi, is not thick by Proposition If dimg W] < dimg W7,
then change V) into Viy. Since §55), 1) = 455, (o) and 4555 = 5% 1 1), we may
assume that dimg W; < dimg W/ from the beginning. Then we have 2 dimg W; <
dimK V)\.

By the Garnir relation (Theorem [3.13)), we see that

< fly) |ly= * ‘ is a (not necessarily standard) A-tableau >
W, = .
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In particular, for any 3 < i < 5 < n, there exists a A-tableau y whose first column
contains {1,2,14, j} such that f(y) € W;. For o € S,

o)l = |- |,
f)ly= is a (not nec. standard) A-tableau

O'(Wl) = 0'(2)

We easily verify that there exists a A-tableau y whose first column contains {o(1), o0(2)}
such that f(y) € Wi. Hence, o(W7) N W # 0.

Setting Wy = W7, we see that a(W;) N Wy # 0 for any o € S,, and dimg W7 +
dimg Wy < dimg V), which implies that Proposition holds in the case A =
(mqy,ma,...,mg) with s >4 and m; > 4. O

Summarizing the discussion above, we have

Proposition 8.4. In the case A\ = (my,ma,...,ms) with s > 4 and my > 4, set
do = min{4S5), 1), 855y }- Then Vi is not (do, do)-thick. In particular, it is not
m-thick for any dg < m < d(\) — dy.

Proof. The latter part follows from Proposition [2.10] OJ

Thus, Proposition has been proved in Case 3. By the arguments in Sections [6}-
B, we have proved Theorem and Proposition [5.2, which implies Theorems
and [L.2
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